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ABSTRACT

Atomic motion in resonant aﬁd near resonant electromagnetic
radiation is investigated theoretically. The exposition begins with
a study of atomic motion in a resonant standing light wave, with a
view toward isotope separation by selective photodeflection, and
proceeds to the investigation of more general problems of atomic motion
in resonant radiation. The body of the work consists of six chapters,
each of which was prepared as a manuscript for publication in the
open literature.

The Schrodinger equation for atomic motion in a resonant standing
wave is solved in Chapter 2 in the 1imit of short atom-field interaction
time. It is shown that momentum transfer from the field to the atom
in a standing wave proceeds at the rate of induced absorption-emission
processes rather than at the spontaneous rate chéracteristic of momentum
transfer in a plane running wave. The resulting rapid deflection process
in a standing wave leads to atomic deflections of sufficient magnitude
for isotope separation in a time less than the natural lifetime of the
excited atom, and hence circumvents the problem of metastable state
trapping encountered in attempts to separate isotopes using a running
wave. In Chapter 3 it is shown that a narrow beam of two-level atoms
is split by the amplitude gradient of a resonant electromagnetic wave
(optical Stern-Gerlach effect), and an experiment is proposed to test
this fundamental feature of the resonant interaction. In Chapter 4 it is
shown that an exact solution to the Schrodinger equation for atomic motion

in a resonant standing wave can be written in terms of Mathieu functions,
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and that the theory is readily generalized to include the case in which

N atomic levels take part in the resonant interaction. A formal analogy
between the problem of atomic motion in a standing light wave and dif-
fraction of light by ultrasound is also discussed in this chapter. An
alternative approach to the theory of atomic motion in an electromagnetic
wave, based on Ehrenfest's theorem and the optical Bloch equations,
including effects of spontaneous emission and detuning of the applied
field, is developed in Chapter 5. The utility of this theory is illus-
trated by application to problems of atomic trapping and cooling by

the radiation force. The simplicity of calculations in this chapter

show that the Ehrenfest-Bloch equations provide a convenient and

fruitful framework in which to study such problems. In Chapter 6 the
Ehrenfest-Bloch formalism is generalized to take account of laser phase
fluctuations and the associated finite linewidth of laser radiation.

It is found fhat fluctuations of the laser radiation alter the predictions
of the monochromatic theory only when the laser linewidth approaches or
exceeds the natural Tinewidth of the resonant transition, a situation not
usually encountered in practice. Finally, in Chapter 7, the influence

on atomic motion of quantum-mechanical fluctuations of the radiation
force is investigated. It is shown that fluctuations of the radiation
force result from interaction of the fluctuating atomic dipole moment
with the applied field as well as from random recoils accompanying
spontaneous emission. Atomic motion in the fluctuating radiation force
is described by a Fokker-Planck equation, and this equation is used to
show that quantum fluctuations place a lower bound on the temperature
achievable by radiation cooling, and lead to finite, often short,

confinement times for atoms in radiation traps.
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CHAPTER 1
INTRODUCTION AND OVERVIEW

An atom in a resonant or near resonant electromagnetic wave
experiences a force due to momentum transfer from the field. The
momentum of one photon is transferred to the atom in the process of
absorption, and in the emission process a recoil homentum equal to the
negative of the momentum of the emitted photon is imparted to the atom.
The momentum transferred to the atom in a single absorption or emission
event is quite small. For example, in the case of sodium, absorption
of one photon on the D2 line (A = 58903) changes the atomic momentum

-22

by the amount AP = h/x = 10 g cm/s. If this change of momentum takes

place transverse to the direction of propagation of a sodium atomic

beam of typical thermal velocity (v = 5 x 104

cm/s), the beam is deflected
through an angle of 50 urad or .003 degrees. Although deflections of

this magnitude are observab]e]’z, one-photon deflections are generally

far too small to be of any practical interest. For practical purposes,
e.g., isotope separation, angular deflection on the order of a thousand
times the above value is required, and consequently repeated absorption-
emission processes must be considered.

The simplest photodeflection process capable of producing a large
deflection is that which occurs in a pléne running wave. Absorption-
emission processes in a plane wave take place at two distinct rates.
Photons are absorbed from and emitted into the plane wave at the stimu-
lated or induced rate @, and occasionally photons are spontaneously

emitted in random directions at the spontaneous rate A (A is the

Einstein spontaneous emission coefficient). The induced rate is



determined by the intensity I of the wave and the transition dipole
moment u of the atom through the relation o = u(BnI/c)]/z/ﬁi. In a
strong field Q@ may exceed A by several Prders of magnitude. Now in
the induced absorption-emission process the atom gains momentum 'ﬁz
upon absorbing a photon from the wave, but loses an equal momentum
due to recoil when the photon is emitted. This occurs in a plane
wave because, with only one field mode occupied, induced emission can
only add a photon to that mode. It follows that there is no net momen-
tum transfer associated with the induced absorption-emission process
in a plane wave, and no average force results from this process. In
the process of absorption followed by spontaneous emission, on the
other hand, the atom gains momentum —hi upon absorbing a photon, but
does not lose this momentum in emission. Photons are spontaneously
emitted in random directions, and hence the average recoil momentum
delivered to the atom in emission is zero. The atom gains the momentum
of one incident photon, on the average, for each spontaneous event.
Now the rate of spontaneous events is AP, where P, is the probability
that the upper atomic level is occupied (we are assuming that only two
atomic energy levels take part in the resonant interaction). Therefore
the rate of momentum transfer to the atom in a plane running wave,
i.e., the radiation force is

F = AP, k. (1)
This force will be referred to as the spontaneous radiation force.
In a strong field the atomic transition is saturated (P2 = 1/2) and
Eq. (1) becomes
F=ght (2)



If saturating radiation is applied transverse to a sodium atomic beam
of velocity v = 5 x 10% cm/s (» = 5890A, A = 6 x 10’ s™1), the beanm
experiences a deflection of 1° in traveling a distance 0.5 cm in the
radiation.

The spontanecus radiation force was first observed by Frish] in
1933, and was later studied experimentally by Picque and ViaHe2 using
the quasimonochromatic 1ight of a sodium lamp, and by Schieder, Walther
and waste3 using laser radiation.

Because different isotopes of an element have slightly different
transition frequencies (the isotope shift), the spontaneous radiation
force can be selectively applied to one isotope in a mixture of isotopes,
provided the isotope shift exceeds the linewidth ofvthe transition and
the spectral width of the applied field. Therefore it is possible, in
certain favorable cases, to separate isotopes by selectively deflecting
the isotope of interest from an atomic beam containing several isotopes.
Isotope separation by selective photodeflection using the spontaneous
radiation force was first demonstrated by Bernhardt et. a1.4 for
isotopes of barium.

The principle limitation of an isotope separation process based
on the spontaneous radiation force is that, for many atoms and molecules,
transitions from the upper resonant level to one or more metastable
levels terminate the deflection process. Since about one thousand
absorption-emission events are required to produce a deflection of suffi-
cient magnitude for practical isotope separation, it is clear that
even a small branching ratio from the upper resonant level to a metastable

level will remove a large fraction of the atoms from the interaction



cycle before any significant deflection has taken place. In effect,
transitions to a metastable level turn off the radiation force at an
early stage of the deflection process, and make this approach to isotope
separation impractical in many cases. This problem was encountered by
Bernhardt et. a1.4 in their work on barium, where it was found that

the maximum obtainable momentum transfer on the 5535.73 resonance line
was equal to the momentum of 25 photons, i.e., a maximum of 25 absorption
emission events were possible before the atom was trapped in the meta-
stable 6s5d ]DZ state.

The problem of metastable state trapping is associated with the fact
that the spontaneous radiation force must act for a time that is long
compared to the natural 1ifetime of the upper resonant level in order
to produce a large deflection. If momentum could be transferred to the
atom at the induced rate @, rather than the spontaneous rate A, then in
a strong field, where @ is several orders of magnitude larger than A,
it might be possible to produce large deflections in a time that is
short compared to the natural lifetime, and thereby avoid the problem
of transitions to metastable levels. The work described here began
with an attempt to determine under what conditions momentum transfer
at the induced rate is possible.

As noted above, there is no net momentum transfer due to induced
processes in a plane running wave because the absorbed and emitted
photons necessarily have the same momentum. However, if two or more
plane running waves propagating in different directions act on the atom
simultaneously, as for example in a standing wave (which consists of two

counterpropagating running waves), there exists the possibility that a



photon absorbed from one of the waves (momentum /ﬁ?]) will be emitted
into one of the other waves {momentum 'ﬁ?z) with a resultant transfer of
momentum AP =’ﬁ(?2—f]) at the induced rate @. The average force acting
on the atom then depends on the rates of the various induced processes,
but in general it is expected that the resulting induced force will be
of order of magnitude F=~ Q ik which can be thousands of times larger
than the magnitude %A1Tk of the spontaneous force.

In a standing wave there are four distinct induced processes as
illustrated in Figure 1. The atom can absorb a photon from either of
the running waves and emit a photon into the same wave, with no net
transfer of momentum, or the atom can absorb a photon from either wave
and emit a photon into the counterpropagating wave, with a transfer of
momentum AP = 124k to the atom. A detailed calculation of atomic
motion in a resonant standing wave is required to obtain the resulting
distribution of atomic deflections after a large number of induced
absorption-emission events have taken place. This calculation is carried
out in Chapter 2. It is shown there that, for short interaction time,
the probability Pn that the atom gains momentum AP = nfik equal to the

momentum of n photons is

2
P (t) = J (at), (3)

where Jn(x) is the Bessel function of order n, @ = u(8nI/c)]/2/‘ﬁ is
the induced rate or Rabi flopping frequency of the two-level atom, and

t is the interaction time. The distribution Pn is plotted in figure 2(a),



(b), and (c) for ot = 10, 20, and 30 respectively. P, may also be
interpreted as the probability that the atom is deflected through
angle o, = n1Tk/PZ, where PZ is the initial atomic momentum. It is
seen from Figure 2 that the spread of deflections increases linearly
with the interaction time, and the maximum deflection is emaiz Qt?ik/Pz,
indicating that momentum is indeed transferred to the atom at the induced
rate 9. In a typical case it is estimated that deflections of order
Omax = 3° can be achieved for an interaction time t = 6 ns. Deflections
of this magnitude are sufficient for isotope separation, and the inter-
action time is less than the natural lifetime of the atomic transition.
Therefore this approach to laser isotope separation circumvents the
problem of transitions to metastable levels. Such transitions do not
have time to occur during the short interaction time of the induced
deflection process.

These initial encouraging results lead to a number of questions
concerning the ultimate efficiency and limitations of the process.
The calculation of Chapter 2 is based on an approximation that is valid
only in the 1imit of short interaction time, it considers only the case
of exact resonance, it treats the atom as a two-level system, and it
ignors spontaneous emission. Therefore some of the questions that
remained to be answered were: (1) What is the maximum deflection
obtainable in a resonant standing wave if no constraint is placed on the
interaction time?, (2) How is the distribution of atomic deflections
altered if more than two atomic states take part in the resonant
interaction, e.g., if one or both of the interacting levels is degenerate?,

(3) What is the effect on atomic deflections if the frequency of the



applied field is not exactly equal to the Bohr transition frequency of
the atom?, and (4) How does spontaneous emission influence the distribu-
tion of atomic deflections when the interaction time is long compared
to the natural lifetime of the excited state? A search of the literature
revealed that existing theory of atomic motion in resonant radiation
was not sufficiently well developed to answer the above questions.
Consequently the scope of the research expanded from the narrow question
of the feasibility of isotope separation by photodeflection in a standing
wave to more basic questions concerning the motion of atoms and molecules
in resonant and near resonant electromagnetic radiation. As significant
results were obtained, manuscripts were prepared and submitted for publi-
cation in the open literature. The body of this dissertat%on (Chapters
2 through 7) consists of a collection of these manuscripts. The content
of these chapters will now be summarized.

The first manuscript (Chapter 2), entitled "Deflection of Atoms by
a Resonant Standing Light Wave," contains the calculation of atomic
motion in a standing wave which has already been discussed above. The
principle results of this chapter are: (1) that momentum transfer in a
standing waye proceeds at the induced rate, and (2) that the resulting
rapid deflection process in a strong field overcomes the problem of
metastable state trapping.

In the second manuscript (Chapter 3) entitled "Theory of Atomic
Motion in a Resonant Electromagnetic Wave," the motion of a two-level
atom in an exactly resonant electromagnetic wave of arbitrary amplitude

E(;) is investigated neglecting effects of spontaneous emission.



A simple calculation shows that the motion of the atom is described by

two independent noninterfering wave functions u, (X,t) and'u_(f,t), each

N
of which satisfies a simple time-dependent Schrﬁdinger equation

but with potential energies, V+(;) = %uE(Y) and V_(x) = - %uf(i), of
opposite sign, where p is the transition dipole moment of the atom. It
follows from this result that a narrow atomic beam is split by the
amplitude gradient of the resonant radiation in much the same way as the
gradient of a magnetic field splits an atomic beam in the Stern-Gerlach
experiment. Finally, an experiment is proposed to test the two-component
theory developed in this chapter.

The fourth chapter entitled "Diffraction of Atoms and Molecules by
a Resonant Standing Electromagnetic Wave" extends the results of the
two preceeding chapters to include the case in which more than two
atomic levels strongly interact with the applied field. This work also
removes the restriction to short interaction time of chapter 2 by
showing that an exact solution of the Schradinger equation for an atom
in a resonant standing wave can be written in terms of Mathieu functions.
However, effects of spontaneous emission are still neglected.

When N atomic levels take part in the resonant interaction, it is
found that the motion of the atom is determined by N independent non-
interfering "eigenwaves" un(f,t), 1 < n<N, and the nth eigenwave
satisfies a time-dependent Schradinger equation with potential energy
Vn(i) =-% unE(Y), where u_ is the nth eigenvalue of the matrix of
transition moments connecting the N levels. This again leads to a
splitting of an atomic beam by the amplitude gradient of the standing

wave, but now the beam splits into N components. The splitting differs



from that occurring in the Stern-Gerlach experiment in that the components
of the split beam are not necessarily equally spaced, and the probabilities
that the atom occupies the various components are not, in general, equal,
but rather depend on the structure of the dipole moment matrix.

Since each of the eigenwaves un(f,t) satisfies a Schradinger equa-
tion with potential energy Vn(ﬁ) = %—unf(i),and since the amplitude E(X)
of a plane standing wave is a periodic (sinusoidal) function of position,
the deflection of an atom by a resonant standing wave is, in fact, a
diffraction process in which the atom is diffracted by the periodic
potential it experiences in the standing wave. Chapter 4 shows that
diffraction of atoms by a standing light wave is formally identical to
the problem of diffraction of light by ultrasonic waves in a transparent
liquid or solid, and hence many of the results of the theory of diffrac-
tion of light by ultrasound are immediately applicable to the problem
of diffraction of atoms by a standing light wave.

A11 of the work described thus far is restricted to the case of
exact resonance and ignores.spontaneous emission. In practice neither
of these approximations is fully justified. The laser frequency is
generally not exactly equal to the Bohr transition frequency of the
atom, and the approximation of neglecting spontaneous emission is valid
only for interaction times that are short compared to the natural 1ife-
time of the excited atom. The latter restriction can be severe at
optical frequencies. For example, if the atoms in an atomic beam of
typical thermal velocity v = 5 x 104 cm/s have a strong optical transition
(1ifetime © ~ 10'7 sec), the constraint t < t on the interaction time t

3

leads to the constraint L<v t =5 x 10 ° cm = 50 um on the thickness L
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of the interaction region. Thus the results of Chapters 2, 3, and 4 can
be applied with confidence, at optical frequencies, only when the interac-
tion region is extremely thin. It should be noted that at infrared

and microwave frequencies the constraint t <t 1is much less severe,
because at these frequencies the natural lifetimes are much longer,

but in this case tuning of the radiation to exact resonance becomes

more difficult because the natural linewidths are correspondingly

much narrower.

A first step toward a more general theory of atomic motion in
electromagnetic radiation, that includes effects of spontaneous emission
and detuning of the applied field, is taken in the fifth chapter entitled
"Atomic Motion in Resonant Radiation: An Application of Ehrenfest's
Theorem." In this work the center-of-mass motion of the atom is cal-
culated on the assumption that the atomic waye packet may be regarded
as small compared to the distance over which the applied field changes
by a significant amount. It is found that the center-of-mass and
internal motions of the atom are coupled. The internal motion is
described by a set of optical Bloch equations, driven by the electric
field at the position of the moving atom, while the radiation force,
which drives the center-of-mass motion, depends on the instantaneous
value of the Bjoch vector. The coupled equations for the internal and
translational motions of the atom, which we term the Ehrenfest-Bloch
equations, are applied to a number of problems of current experimental
interest in this chapter. Specifically, the Ehrenfest-Bloch equations

are used to obtain explicit formulas for the radiation force in:
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(1) a plane running wave, (2) a plane standing wave, (3) a combination
of running and standing waves, and (4) a coliminated Gaussian beam.
Results of these calculations are discussed in connection with recent
proposals to trap atoms and molecules by use of the resonant 1ight force
of laser radiation. In addition, a formula for the radiation damping
force in a weak standing wave, that might be used to cool an atomic

4 k), is derived in this

vapor to a very low temperature (T ~ 10~
chapter. The simplicity of the calculations presented in this chapter
show that an approach based on Ehrenfest's theorem provides a convenient
and.fruitful framework in which to study such problems.

In Chapter 6 the Ehrenfest-Bloch equations are generalized to take
account of phase fluctuations of laser radiation under the title "Atomic
Motion in Resonant Fluctuating Laser Radiation." A1l real sources of
electromagnetic radiation, including the laser, undergo fluctuations, and
hence are not perfectly monochromatic. The finite linewidth of laser
radiation is due primarily to phase ftluctuations at the source, and the
phase fluctuations are well described by the so-called phase-diffusion
model. The purpose of this chapter is to determine whether or not the
finite bandwidth of the laser radiation has any significant
influence on atomic motion in laser radiation. The principle result of
the chapter is that laser fluctuations alter the predictions of the
monochromatic theory only when the laser linewidth approaches or exceeds
the natural linewidth of the resonant atomic transition. Since, in

practice, the laser linewidth is generally narrower than the natural

width of the resonant transition, the effect of laser fluctuations is
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usually quite negligible. It should be noted that the fluctuations
considered in this chapter are fluctuations of the classical electro-
magnetic field, and are entirely different from the quantum-mechanical
fluctuations considered in Chapter 7. Quantum fluctuations of

the radiation force occur in perfectly monochromatic radiation.

A theory based on Ehrenfest's theorem describes the motion of the
centroid of the center-of-mass probability density. It says nothing
about the spread of the atomic wave packet about the centroid. Because
of this limitation, results of the Ehrenfest-Bloch equations can,
in some cases, be misleading. For example, the Ehrenfest-Bloch equations
predict that the radiation férce acting on an atom in a standing wave
vanishes when the radiation is tuned to exact resonance, while a more
detailed theory (Chapter 3) shows that the atomic trajectory is split
by the resonant radiation, in this case. The splitting is symmetric,
however, so the centroid of the atomic wave packet is not accelerated.
Since the radiation force of Ehrenfest's theorem is defined as the mass
of the atom times the acceleration of the centroid, a vanishing radiation
force on resonance is certainly consistent with the optical Stern-
Gerlach effect, however, this example shows quite clearly that Ehrenfest's
theorem provides only limited information about the actual motion of the
atom.

A more complete description of atomic motion in resonant radiation,
including effects of detuning and spontaneous emission, is developed

in the seventh chapter entitled "Quantum-Mechanical Fluctuations of the
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Resonance-Radiation Force." Using the Heisenberg equations for the
center-of-mass motion of the atom, the mean radiation force and the
quantum-mechanical fluctuations of the radiation force about its mean
value are calculated. The mean radiation force causes an average
deflection of the atomic trajectory, in agreement with the earlier
theory based on Ehrenfest's theorem, while the fluctuating component
of the radiation force gives rise to diffusion of atomic momentum.

The motion of the atom under the influence of the fluctuating radiation
pressure is described by a Fokker-Planck equation in which the mean
force and momentum diffusion constant enter as coefficients.

Diffusion of atomic momentum in resonant radiation can be under-
stood from several different points of view. According to one inter-
pretation, diffusion results from repeated splitting of the atomic
trajectory as a result of spontaneous emission. If the atom is initially
in the ground state, the atomic trajectory is split into two components
by the gradient of the applied field amplitude, as described in Chapter 3.
Then after each spontaneous emission, which returns the atom to the ground
state, each component of the split beam again splits, and repetition
of this process leads to diffusion of the atomic momentum. From this

‘point of view, the diffusion is closely related to the optical Stern-
Gerlach effect. Alternatively, the diffusion may be regarded as a

result of random recoils due to both induced and spontaneous absorption-
emission processes. Although the diffusion has several possible inter-
pretations, the calculation of the diffusion coefficient in this chapter
does not depend on the interpretation adopted. The diffusion coefficient

follows directly from the statistics of the operator force appearing in
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the Heisenberg equations of motion. The principle results of this
chapter follow from the fact that the momentum diffusion term in the
Fokker-Planck equation tends to increase the kinetic energy of the
atom. It is shown that quantum-mechanical fluctuations of the radiation
force place a Tower bound on the temperature achievable by radiation
cooling, and often lead to short confinement times for atoms in radiation
traps.

Chapter 8 contains a brief overview of some of the more important
experiments on atomic motion in resonant radiation, and concluding

remarks and recommendations for future work are made in Chapter 9.



Chapter 2

DEFLECTION OF ATOMS BY A RESONANT STANDING ELECTROMAGNETIC WAVE

15



16

Deflection of Atoms by a Resonant Standing Electromagnetic Wave

R. J. Cook and A. F. Bernhardt

University of California
Lawrence Livermore Laboratory
P. 0. Box 808, Livermore, California 94550

ABSTRACT

Deflection of an atom due to momentum transfer from a strong
resonant standing electromagnetic wave is investigated theoretically
in the 1imit of short atom-field interaction time. The transiational
and internal motions of the atom are treated quantum-mechanically, while
the field is treated classically. It is shown that momentum transfer
from a standing wave to an atom proceeds at the induced or Rabi rate,
rather than the spontaneous rate characteristic of spontaneous radiation
pressure. In a typical case, atomic deflections of order one degree are

6 2

achieved with 10" watt/cm” field intensity in a time less than the

natural lifetime of the excited atom.
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I. INTRODUCTION

The use of a resonant electromagnetic wave, or a combinatidn
of resonant and static fields, to deflect a beam of neutral atoms has been
the subject of renewed interest since the advent of high-power tunable
lasers. A potential application of laser deflection is to problems of
laser isotope separation.

Several methods of photodeflection have been proposedS'g, some ,of

which have been demonstrated experimenta]]yﬂ'4’]0’]!

Most of these methods
require an interaction time that is long compared to the natural 1ife-
time of the excited atoms. This makes the practical application of
these methods impossible in many cases because an atom excited by the
resonant radiation makes pransitions to metastable states which are not
affected by the applied fie]dll Such transitions remove atoms from the
interaction cycle, and Tittle or no deflection is produced. The purpose
of this paper is to show that in a strong resonant standing wave,
significant atomic deflections can occur in a time less than the
spontaneous lifetime of the excited atom, and hence, the problem of
transitions to metastable levels is circumvented by the speed of the
process. |

When an atomic beam is irradiated by a strong resonant electromagnetic
wave, absorption-emission processes proceed at two distinct rates.
Photons are absorbed from and emitted into the applied field at the

induced rate Q, and occasionally photons are spontaneously emitted, in

random directions, at the spontaneous rate A. Deflection or scattering
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of the atomic beam results when momentum is transfered from the field
to the atoms, and the rate of momentum transfer depends on the nature
of the applied field. |

If the applied field consists of a single plane wave, momentum is
transfered to the atoms at the spontaneous rate A.  This momentum
transfer, i.e. radiation pressure, proceeds at the spontaneous raté
because absorption followed by induced emission into the same field
mode involves no net transfer of momentum, while absorption followed by
spontaneous emission transfers an average of one quantum of momentum for
each spontaneous event (isotropic spontaneous emission does not carry away
the momentum acquired by the atom through absorption).

If the applied field is composed of two or more plane waves, an atom
can absorb a photon from one of the plane waves and induced emission can
cause that photon to be emitted into a different plane wave, with a
resultant transfer of momentum at the induced rate @. Since the induced
rate may exceed the spontaneous rate by many orders of magnitude in a
strong applied field, it is expected that deflection processes
operating at the induced rate will be more efficient and more rapid than
processes that operate at the spontaneous rate. In the following we
shall show that momentum transfer in a standing wave proceeds at the
induced rate, and that it is this feature of the interaction that gives
rise to the rapid deflection mentioned above.

In the model adopted here, the internal motion of the atom is
treated as a two-level system. The center-of-mass motion of the atom is
treated quantum-mechanically, and the resonant standing wave is treated

as a classically prescribed electric field. Analytic solutions of the
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Schrodinger equation are obtained, in the rotating wave approximation,
on the assumption that the Doppler width associated with initial beam
spread and subsequent atomic deflection is small compared to the frequency
width associated with the finite time during which the atom interacts
with the resonant radiation.

In the following section, the theory of deflection of an atom
by a resonant standing wave is developed and the effect of finite
divergence in a beam of atoms is briefly discussed. In Section III
the 1imit of validity of our assumption concerning Doppler effect
is examined, and a numerical example is given to illustrate the

magnitude of deflections obtainable.
II. THEORY

The Hamiltonian for an atom in a classically prescribed electro-

magnetic field, in the dipole approximation, takes the familiar form
> >
H=Po/M+H s T E(R,t) (1)

where P2/2M is the kinetic energy associated with the center-of-mass
momentum F, Ho is the Hamiltonian for the internal motion of the unper-
turbed atom, 1 is the dipole moment operator, and E(a,t) is the electric
field evaluated at the center-of-mass position ﬁ.

We shall calculate the motion of an atom which starts out moving in
the positive z direction, enters a region of resonant radiation at z = 0,

and exits the interaction region at z = L. The electric field in the
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interaction region is taken to be a standing wave of the form

E(x,t) = 2(8n1/c)1/2€ cos kx cos wt - (2)

which is equivalent to two plane waves, each of intensity I, counterpro-
pagating along the x axis. The polarization vector e is a unit vector
transverse to the x direction.

For an electric field of this form, only the x coordinate of the
center of mass appears in the Hamiltonian. It follows that motion of
the atom in the y and z directions is unaffected by the field, and only
motion in the x direction is of interest. Elimination of the inessential

degrees of freedom yields the Hamiltonian
>
H=P2/2M +H, - & - E(x,t) (3)

for atomic motion in the x direction. As the atom moves along the z axis,
the interaction term in Equation (3) is switched on as the atom enters
the interaction region and is switched off as it leaves this region.

Upon exiting the interaction region, the atom has a certain probab-
jlity density W(p) for momentum p in the x direction. This momentum
density determines the probability density for displacement x as z » «,
P(x) = (pZ/z) W(pzx/z). If the deflections are small (x/z <<1s0 =~ x/z),

the probability density for deflection ¢ is

P,(6) = p, W (p,0) | (4)

where p, is the z component of atomic momentum.
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To obtain the transverse momentum density W(p), we solve the
Schrodinger equation in the momentum representation. We start by
writing down the general equations of motion, and then simplify
these by using the two-level-atom and rotating-wave approximations.
The unperturbed Hamiltonian, H* = PX2/2M + H,, has eigenvectors
[n,p> = |n>|p> and eigenvalues en(p) = p2/2M + E,, where |n> and E,
are the eigenvectors and eigenvalues of H_ , and |p> is the eigenvector

of Py with eigenvalue p. An arbitrary state vector is expanded as

> =Z f dp¢, (p) [n.p> (5)
n

where ¢n(p) is the amplitude for momentum p and internal energy E .
Upon substituting this expansion into the Schrddinger equation,
1ﬁa|¢>/at = H|y> , and using the orthonormality of the basis states

[n,p>, we obtain the equations of motion

3¢, (p)
i —¢ =Z fdp‘<n,pIHlm,p‘>¢m(p’)- (6)
m

Evaluation of the matrix elements {n,p|H|m,p">, using Equations (2) and
(3), is straight forward. The explicit equations of motion are

3¢, (P)
ih —— = ¢ (p)o,(P)

(7)
- cos wtY g L4 (p - Tk) + o (p + k)]
m

where g = (8nI/c)]/2<n|ﬁ-€lm>. Equation (7) shows that a change of
the excitation state of the atom is accompanied by a transfer of momentum
+ k. Note that Ion = 0 if the atomic levels are nondegenerate. The

transformation
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4(P) = C (p) exp {-1 e (p)t/h}, (8)

with en(p) = p2/2M + E , puts Equation (7) in the form

aC (p)
- n _
ih —5— = - cos ut E 9

m
X [Cm(p - hk) exp { - i[@mn +6 - ﬁg t}
+Cm(p+'hk) exp {-i[wmn+6+%]t}] (9)

where - (En - Em)/h, 8 ='hw2/2Mc2, and the amplitudes Cn(p) are
now slowly varying functions of time (interaction picture).

If an atom, initially at rest, absorbs a photon of energy Hw and
momentum Hu/c, the internal energy of the atom increases by the
amount‘hamn, its kinetic energy increases by the amount (hw/c)z/ZM =hs,
and conservation of energy, iw ='h“mn + hs, shows that the resonant
frequency of the transition is w = w__ + 6. Thus § is a frequency

mn
shift associated with recoil of the atom. The quantities + wp/Mc are

Doppler shifts due to motion of the atom in the x direction. If the
interaction time is sufficiently short, then both recoil and Doppler
shifts can be neglected. The condition that wpt/Mc << 1 has the simple
physical meaning that the frequency width associated with the finite
transit time of the atom across the field (transit time broadening)
is large compared to the accumulated Doppler shift. We make this
assumption of short interaction time in the following analysis, and
discard exponential factors of the from exp{-i(§ = mp/Mc)t} in Eq. (9).

’ We shall consider the case where the applied field is resonant with
only a single atom transition (w = wppe M = +> N = -). Then if we

neglect all but the two amplitudes C+(p) involved in the transition

(two-level atom approximation)]z, expand cos t in exponentials and
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keep only terms on the right in Equation (9) that vary slowly with time

)12

(rotating wave approximation)'“, Equations (9) reduce to

B

C,(p) = (ia/2)[C_(p - hk) + C_(p + k)]

(10)
(ia/2)[Ci(p - hk) + Cp(p + k)]

H

C_(p)

where @ = (8nI/ch‘2)]/2 (- |4-E|+>. The phases of |+> are chosen so
that @ is real.

Equations (10) may be solved exactly. The transformation

1/2

O
+
—~
©
N
"

[C,(p) + C_(p)1/2
(1)

= [C4(p) - C-(p)1/2'/2

~

—_

o

~
1

decouples Equations (10) as

D,(p) = (ia/2)[D,(p - Hk) + D (p +hk)] 12)
12
D-(p) = - (ia/2)[D_(p-hk) + D_(p +hK)].
Upon substituting the trial solution
Dt(p) = exp {isp + iat} (13)
into Equations (12), we obtain the dispersion relation
a(s) = @ cos (st) (14)

for waves in momentum space. Physically acceptable solutions are
obtained for all real values of s. The general solution of Equations

(12) is a superposition of waves
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Di(p,t) = ;%:?I'ai(s) exp {isp % ia(s)t} ds. (15)

At t = 0, Equation (15) reduces to a Fourier transform relation between

ai(s) and D%(p) = D (p,0). When the inverse of this transform, namely

S [ i
a,(s) —‘VE?';L Di(p) exp { - isp} dp, (16)

is substituted into Equation (15), we obtain
D, (p,t) =f 6,(p - pst)D2(p”) dps (17)

where

8-\8

Gi(p,t) éL- exp {zia(s)t + ips} ds. (18)

With the help of the dispersion relation, Equation (14), and the
identity

ptiz cos 6 _ jg (£1)" Jn(z)e+1ne,

n=-e

the propagators G, (p,t) are readily evaluated as series of Bessel functions

[+ -]

6,(pst) =) (+)" 3 (at) & (p - nhk) (19)

N==c

and the general solution, Equation (17), becomes

[

D, (pst) = ()" 4 (at)S(p - nhk). (20)

née

Consider the case where the atom is in the lower state and has
momentum p = 0 at t = 0. In this case, Cz(p) =0, C2(p) = [G(p)]]/z,
and from Equations (11), Dz = [<§(p)/2]]/2 (the square root of the &-
function is used here so that the probability that the atom is in the

2 . .
ground state, namely P2 =~/r|C3(P)| dP, is properly normalized to unity).
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It follows from Equations (11) and (20) that the momentum probability
density, W(p) = |C+|2+|C_|2 = |D+|2+|D_|2, has the form

M(p,t) =) 92(at)s(p - k). (21)

n=-o
Equation (21) states that the probability Pn(t) that the atom has

acquired momentum nhk (n = 0, I, =2, .o} ds

P (t) = Jﬁ(nt). (22)

In cases of practical interest, ot is a large number. For |n|<at,
the probability Jﬁ(nt) is not a monotonic function of n, but tends to
increase with |n| and has maxima near |n| = at. For |n|>qt, Jﬁ(ﬂt)
decreases rapidly to zero as |n| increases. In view of Equation (4),
the maximum deflection is O max %'hkﬂt/pz. This result shows quite clearly
that momentum is transfered to the atom at the induced rate Q.

The mean magnitude of momentum transfered to the atom

<Jpl> = > Thk|n|ai(at) (23)

N==c

can be expressed in closed for*m]3

<Ipl> = k(at)2[o¥(at) + 3t
- hiat 9_(at) 9;(at) (24)

and approaches the value <|p|> = thnt/n ~ 0.64hkat as ot > =. The RMS
momentum, at any time t, is given by the simple formula [<p2>]]/2 =
'hkﬂt/V? ~ 0.7ftk9t.]4 Thus the spread of momentum increases linearly

with time.
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In the above example, we assumed that the incident atomic beam
has sharp momentum p = 0, i.e. the incident beam is a plane wave, and
hence has infinite transverse extension. For a finite collimated beam
of width ax, the initial spread of momentum is ap ~'h/Ax, and the ratio
of this spread to the momentum delivered by a single photon is
Ap/ﬁk ~ A/2nax. It follows that there is little or no overlap of the
terms in Equation (20) when Ax is large ;ompared to the optical wave-

length, and the probability density for momentum becomes

©

W(p,t) = J2(at) W(p - nifk) (25)

N==c
where w°(p) is the initial momentum density. The pattern of deflections,
in this case, is the same in all essential details as that discussed
above.
If the atomic beam diverges with half-angle of say 6 = 10-3 rad,
and has a typical thermal velocity v, "~ 5 x ]04cm/sec, then the initial
spread of transverse momentum is not small compared with—Fk, and it is
expected that interference due to overlap of the terms in Equation (20)
will effect the probability density W(p,t). It turns out, however, that,
due to a rapidly varying phase factor associated with divergence of the
beam, the scale of such interference is small compared to Ap =‘Fk, and
therefore is almost certainly unobservable. We do not present this
calculation because the smoothed distribution is the same as Equation (25).
It is interesting to note that Equation (21) is formally identical
to the equation for Fraunhofer diffraction of a plane wave by a sinusoidal

15

phase grating. In effect, the atomic beam is diffracted by the periodic

amplitude (E(x) = cos kx) of the standing wave, and the deflection angles,
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6, = ﬁhk/pz, are precisely what one would expect on the basis of the
optical analogy, if the atomic beam is regarded as a wave of wavelength

equal to the deBroglie wavelength, Ay = h/pz.
III. NUMERICAL EXAMPLE

Our theory is based on the approximation that recoil and Doppler

frequency shifts, & =-hm2/2MC2

and + wp/Mc respectively, are negligible.
Accordingly, exponential factors of the form exp {-i[&+twp/Mc]t} were
replaced by unity in Equation (9). This approximation is valid when

(6 + w|p|/Mc)t << 1. The recoil shift is half the Doppler shift when
Ip| =Fk. Since we are only interested in cases where |p| >>'hk, the
above condition becomes w|p|t/Mc << 1. Replacing |p| by the RMS value
[<';)2>]]/2 =-Fth//?c derived above, we obtain a constraint on the

interaction time
t < [2]/2M62/Fw29]]/2. (26)

The maximum interaction time permitted by Equation (26), tmax’ determines

the thickness of the interaction region, L = t and the number of

UZ max,

absorption-emission processes experienced by the atom, n = thax' If the

atoms issue from an oven at temperature T, p, = V2MkT and v, ¥ v2KT/M

(here k is Boltzmann's constant). The RMS deflection is
- 1/2
Opms = hudty, /2" “ep,

= [hay23/2k171/2 (27)
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Consider a mildly refractory, moderately massive atom with a strong

visible absorption. Let

Then, for I

max
L

OrMs

1000 K
1.6 x 10~2%g
< -|K-£| + > = 4 Debye

3 x 1019 ¢-1

2.5 x 106 watt/cm2 in the interaction region, we calculate

5.6 x 101 s

3500
6.2 x 1079 s

2.6 x 10°% cm

3.9 x 1072 rad = 2.20

Thus a two degree deflection is obtained for our "typical"” atom in a

field of 2.5 x 106 watt/cmz. The interaction time required for this

deflection is less than the natural lifetime of the transition

(t =5 x 1078 s). To achieve the corresponding 2.6 micron beam thickness

requires focusing a 2.6 mm diameter laser beam in one dimension by a

2

factor of 103. Thus, for an unfocused laser intensity of 2.5 kw/cm”, a

total laser power of about 130 watts is required.
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Theory of Atomic Motion in a
Resonant Electromagnetic Wave
R. J. Cook
University of California
Lawrence Livermore Laboratory

P. 0. Box 808
Livermore, California 94550

ABSTRACT

A new theory of atomic motion in a resonant standing or traveling
e]ectrbmagnetic wave is presented. It is shown that, when effects of
spontaneous emission are negligible, the motion of a two-level atom in
the resonant radiation is determined by two noninterfering wave functions,
each of which satisfies a time-dependent Schradinger equation with time-

independent potential energy. An experiment is proposed to test the theory.
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There has been renewed interest in recent years in the theory of
atomic motion in resonant and near resonant electromagnetic waves. This
interest was initiated by the development of high-power tunable lasers,

and interest has continued because of possible application of the theory
4,10,16

to problems of laser isotope separation , atomic trapping and
coo]ing]7'29 neutral atom acce]eration21’2§ and atomic beam deflection
spectroscopyz’s’]].

An atom illuminated by resonant radiation experiences at least two
types of radiation force: a force associated with spontaneous emission,
and a force due to interaction of the induced atomic dipole moment with
the amplitude gradient of the applied field. The radiation-pressure
associated with spontaneous emission has been extensively investigated

both theoretically'’*? 2,3,10

and experimentally » and will not be dis-
cussed in this Tetter. A theory of the induced-dipole force has been
developed by Ashkin for the case where the atomic response may be des-

19

cribed by a polarizability ~, and a certain off-resonance focussing effect

associated with this force has recently been detected experimenta]]y23.

A description of the atomic response in terms of a polarizability also
involves spontaneous emission to the extent that it is spontaneous decay
that causes atomic relaxation to the near steady-state condition des-
cribed by a polarizability. If the atom-field interaction is brief

(1less than a natural lifetime), a theory based on the steady-state polar-
izability is no longer appropriate, and, in general, Schrsdinger's equa-

tion must be solved to determine the atomic response. In this case,

effects of spontaneous emission are negligible.
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The purpose of this letter is (1) to present a new theory of atomic
motion in a resonant electromagnetic wave, applicable when effects of
spontaneous emission are negligible, and (2) to propose an experimental
test of the new theory.

The Hamiltonian for an atom in a classically prescribed electro-

magnetic field, in the dipole approximation, takes the form
_ 52
H=P7/2M+ H0 - wE(R,t), (1)

where P2/2M is the kinetic energy associated with the center-of-mass
momentum P, H_ is the Hamiltonian for the internal motion of the atom,
¥ is the dipole moment operator, and E(R,t) is the electric field evaluated
at the center-of-mass position R. Consider first the motion of a two-level
atom with energy levels E] and E2 in a monochromatic standing wave
E(x,t) = Eﬁ(é) coswt. Here the amplitude E(x) will be a solution of the
time-independent wave equation V2E + (w/c)ZE = 0, but is otherwise arbitrary.
Let v (x) and ¢2(5) be the amplitudes that the atom is located at position
x and occupies energy levels E] and E2 respectively. Then it follows from
Eq. (1) that the Schrodinger equation for the two-component wave function
is

zil ’g—M v2¢] + E] Y- uE(x) coswt Uy

%1 ST - T M VU, + Ezwz - pE(x) coswt brs
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where u = <]

we|2>is the transition dipole moment. In the case of exact
resonance, w = (E2 - E])fh, the substitution w] = C] exp{—iE]t/ﬁ}, vy =

C2 exp{-iE2 t%h} and a rotating wave approximation, i.e., neglect of
inessential terms that oscillate at twice the optical frequency, put

Eqs. (2) in the form

oC 2
LI e S |
W = VG - g HeX)Cy,
(3)
aC 2
. 2 _ 1 2 1
'I‘ha—f—— —M-V CZ-?‘UE(X)C-I
Equations (3) are decoupied by the unitary transformation
N -
d+ 2 (C] C2)3
1 (4)
u. = 2772 (C +C,).
The equations of motion for u, (x) are
3u 2
oE = - B vfu, s L uE(ou,, (5)

and the probability density for the position of the atom, P(x) =

oy ()12 + J9,(x)|%, becomes

P(x) = Ju, ()17 + Ju(x)]?.

(6)

Equations (5) state that the wave functions u, propagate independent

of one another, and Eq. (6) shows that there is no spacial interference
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between these waves. An atom initially in the ground state (C2 = 0) has
equal probability to be in one or the other of the waves ug, and EqS. (5)
imply that these probabilities are time-independent. The waves u, each
satisfy a simple time-dependent Schrodinger equation, but with potential
energies V, (x) = ¢ %uE(;) of opposite sign. Therefore the forces acting
on atoms in the two waves are in opposite directions, and it follows that
the amplitude gradient of the resonant radiation will split a narrow
atomic beam into two components, in much the same way as the magnetic
field gradient splits an atomic beam in the Stern-Gerlach experiment.
Equations (5) and (6) are consistent with the theory of Kazantsev that
predicts splitting of an atomic trajectory upon crossing a sharp boundary
between vacuum and resonant fie]dg.

If N atomic levels take part in the resonantinteraction, an analysis
similar to the above shows that the motion of the atom is determined by
N independent noninterfering wave functions u - The wave function u,
 satisfies a time-dependent Schrodinger equation with potential energy
Vn(é) = %-unE(é), where is the nth eigenvalue of the matrix of transition
dipole moments connecting the N levels. The probability density for the

u (5)|2, and the probability that the

position of the atom is P(x) =2 |u,

atom occupies the wave s for an atom initially in the ground state, is
the absolute square of the first element of the nth eigenvector of the

dipole moment matrix.

+> >
If instead of the standing wave E(x,t) = ¢ E(X) cos wt we consider

a general monochromatic field

E(x,t) = & E(%) cos {8(%) + wt}, (7)



the Schrodinger equation for the motion of a two-level atom becomes

ih Efl—= -‘ﬂi vzw + Ejp; - ue(X) cos {6(X) + wt}
3t MY VT RV T e wtivy,
8)
I (
ih 55— = - o5 Yy + Enby - pe(X) cos {8(x) + wthyy.
Let
4 (R) = D, (X) exp (-iE,t/h + 5 ilat + o(0]) ,
(9)
4o (X) = D,(%) exp {~iE,t/m - 5 ikt + o(1)]1 ,
where A = - W is the detuning, and w, = (E2 - El)/h. Upon
substituting (9) into (8), we get
aD 2 .
N i.\2 1
mﬁ— -—M(v+?ve) D, +§’ﬁAD]
- uEcos {8 + wt} Dze'i(e * wt),
(10)
aD 2 .
. 2 _ i 2 1
1hﬁ——--§ﬁ(v—§ve) Dz-?‘ﬁADZ

- wEcos {8 + wt} Dlei(e * wt) .

These are exact. Now expand cos {6 + wt} in exponentials and keep

only slowly varying terms on the right in (10), to obtain

aD 2 .
1 _ ] i 2 1 1
ih o5~ = - 5 (v +570)" Dy + 3MaDy - 7uED, ,
(11)
ih ——BDZ = -ﬁ—z (v - i!ve)z D, - lﬁAD - lu‘;'D
at M 2 2 2 2 2 1

34a
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As an example, consider the collimated Gaussian beam
T _ 7 2 2\ 2
E(x,t) = ¢E o ©XP {- (x" + z )/w0 jcos {Ky - wt} . - (12)

Here we have E(X) = E, exp {- (x2 + 22)/W§} and 8(x) = - Ky, and so

(11) becomes

oD 2 aD
e R Nl T
o= - op (v Dy - iK 3y "3 K D])

+ 5 twby - ue(¥D,
(13)

aD 2 aD
. 2 _ A 2 . 2 1.2
g = - gw (V0 + K 5= - 7 KD)

1 1

>
- -z-‘hADz - -Z—UE(X)D-l .

To get rid of the trivial terms in K% let D] = C] exp {- 1ﬁK2t/8M}
and D, = C, exp (- ihK’t/gM}. Then

: _ 1 3 1 rKe ap 2y
aC 2
L% w2 e+ ek 2 -
i g = - gV Cp - pE(XIC + g hily(- g - alC; (15)

The last terms in (14) and (15) contain factors which in the momentum

representation take the form
KP

- A
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Here KRy/M = Kvy = mvy/c is the Doppler shift associated with the
velocity vy in the traveling wave (12). If the atomic beam is well
collimated (sharp Py) the Doppler term can always be canceled by an
appropriate detuning A, and for this detuning the final terms in (14)
and (15) may be neglected.

On the other hand, if C](Q) and Cz(i) are initially independent
of y (as in the following example), then they will, according to
(14) and (15), remain independent of y for all time, and so, for
A = 0, Egs. (14) and (15) have solutions satisfying the standing-wave
equations (3).

The theory may be tested as follows. Consider a well collimated
atomic beam of ground-state two-level atoms that propagates in the z
direction and intersects a collimated Gaussian optical beam E(x) =
EO exp{-(x2 + 22)/W§§ propagating in the y direction. The resonant
radiation acts as a cylindrical lens that tends to focus atoms in the
wave u- and defocus atoms in the wave u4, as illustrated in figures 3
and 4 respectively. In crossing the Gaussian beam, the initial plane
waves u, = exp{ikz - iut} acquire phase factors exp{ ¥ io(x)}, where
o(x) = VwH_ uE exp{-xz/wi}/Zﬁua, and subsequently propagate as free-
particle wave functions. Let ¢ = x/wO s S = z/fo, and m = v/n wo“Eo/zh”z’

1 2)

where v_ is the atomic velocity, f0==2w0e/ {?ﬁEO (e = ?'Muz

. is the "focal

length" of the Gaussian lens, and m is a dimensionless measure of the
strength of the resonant field. Then the waves u, on the down-stream side

of the radiation (neglecting inessential phase factors) are given by

u,(,5) = (/ns)® fexpfinls™ (6-¢ ) Fexo(-ED1fae,  (16)

“oco
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Equation (16) is the result of a Fresnel approximation and is valid when
atomic deflections are small. To the same approximation, the atomic flux
associated with u, is J, (&,s) = v, |u, E,s)lz, the flux associated with

u. is J_(g,s) = vzlu_(g,s)lz,and the total flux is J = J_ + J_.

To be specific, consider a 1W Gaussian laser beam focussed to waist
wo = 50 um. The peak intensity is then I0 = 2.5 x 104 w/cm2 and Eo =
[8n Io/c]%. Let the atomic beam issue from an oven at temperature
T = 1000K, and select velocity component v, equal to 1/10th of the most
probable thermal velocity. Then for "typical" atoms of mass M = 50 u =

8 x 10723

g and transition dipole moment p = 1 Debye, the focal length
of the radiation lens is fO ~ 0.8 cm, andm = 7.2 x 103.

The atomic fluxes J_(&) and J4+(&) in the focal plane (s = 1) are
plotted in figures 5 and 6 respectively. The dominant feature of J_(¢)
is the sharp peak at £ = 0. This is the primary focal line of the
radiation lens. The flux J.(z) shows two peaks, formed by atomic trajec-
tories that are repelled by the resonant field. The total flux J = J; + J_,
figure 7, shows quite clearly the effects of both focussing and defocussing
of atomic trajectories. As s increases beyond s = 1, the peaks of J+(&)
become sharper and form two secondary focal lines in the plane s~ 2.3 at
g ~% 1.8. These focal lines are a result of focussing by the wings of
the negative Gaussian radiation lens. As s varies from 1 to 2.3 the central
focal line of J_(£) spreads into a band of width Az =~ 1.0. The chal lines
of J;(£) lie well outside of this band. The structure of the atomic flux

would be well resolved by a detector of resolution Ax = 10 um.
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A direct measurement of the splitting of an atomic beam by the
amplitude gradient of the resonant field may be accomplished by
placing a narrow slit immediately upstream of the interaction fegion, as
illustrated in figure 8. The maximum splitting occurs when the center
of the slit 1§ off-axis by the amount § = wo//?; and, in the above
example, has the value @ = 0.31°. For a siit width of 20 um, the
divergence of each of the deflected components is less than 0.03°

The present theory is valid when effects of spontaneous emission
are negligible, i.e., when the interaction time is less than the natural
lifetime of the atoms (At = ZWO/UZ < rn). In the above example, this
condition obtains when the resonant frequency is less than 2.5 x 1015Hz
or x 2 0.7 m. This constraint may be relaxed somewhat by decreasing u,
M and/or wo.

A measurement of the total atomic flux in the focal plane (s = 1)
showing the triple-peaked structure of J(£), or a direct measurement of
the splitting of an atomic beam by the amplitude gradient of the

resonant field, would provide a convincing test of the present two-

component theory.



Chapter 4

DIFFRACTION OF ATOMS AND MOLECULES BY

A RESONANT STANDING LIGHT WAVE
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Diffraction of Atoms and Molecules by a Resonant Standing Light Wave
R. J. Cook |
University of California
Lawrence Livermore Laboratory

P.0. Box 5508
Livermore, California 94550

Abstract

Diffraction of atoms and molecules by a strong resonant standing
electromagnetic wave is investigated theoretically. Previous work is
here generalized to include the case in which several atomic or molecular
energy levels interact strongly with the resonant radiation. It is shown
that, when effects of spontaneous emission are negligible and the
radiation is tuned to exact resonance, the motion of the atom or molecule
is determined by a set of independent‘noninterfering eigenwaves, each of
which satisfies a time-dependent Schrddinger equation with
time-independent potential energy. The structure of the eigenwaves and
associated potential energies is investigated for {1) a two-level atom,
(2) a two-level atom with degenerate upper level, (3) a truncated
harmonic oscillator, and (4) an ideal simple harmonic oscillator. An
equation describing propagation of a paraxial atomic or molecular beam in
a resonant standing wave is derived, and an exact solution is given in
terms of Mathieu functions. The physical significance of this solution
js discussed in connection with the Raman-Nath equation, and it is
pointed out that the problem of diffraction of atoms or molecules by a
resonant standing 1ight wave is formally analogus to the problem of

diffraction of light by ultrasound.
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1.  INTRODUCTION

In a recent 1etter24 (hereafter referred to as I) it was shbwn that,
when effects of spontaneous emission are negligible, the motion of a
two-level atom in a resonant standing electromagnetic wave is determined
by two independent noninterfering wave functions, u+(;) and u_(;),
each of which satisfies a time-dependent Schrodinger equation but with
potential energies Vt(;) = 4 %»UE(X) of opposite sign (here y is the
transition dipole moment between the two levels and E(;) is the amplitude
of the standing wave). 1Initially, when the atom is in its ground state,
the two waves u+(;) are identical, but because the potential gradients
acting on the waves are in opposite directions a small atomic wave packet
is split by the resonant radiation. An experiment designed to detect
this splitting in laser radiation was proposed in I. Similar theoretical
results and observations in the microwave region have been reported by

Kazantsevzi Hi11l and Ga]]aghegs, and Bloom et. a1?7

In a related work by Cook and Bernhardt?g(hereafter referred to as
I1) diffraction of a beam of two-level atoms by a resonant standing wave
was investigated in the 1imit of short atom-field interaction time. It
was found, in this limit, that the probability Pn that the atom aquires
transverse momentum nhw/c (the momentum of n photons) while moving
parallel to the fringes of a plane standing wave is given by the relation
Pn(t) = Jz(nt), where 3, ijs the Bessel function of order n, @ is
the Rabi flopping frequency of the two-level atom, and t is the

interaction time.



M

The purpose of the present paper is to generalize the above work in
two directions. First, the theory of atomic motion in a resonant
standing wave is extended to include the case in which more than two
atomic (or molecular) energy levels interact strongly with the resonant
radiation, and second, the constraint of short atom-field interaction
time in II is removed by showing that an exact solution to the
diffraction problem can be written in terms of Mathieu functions. The
intent of this generalization is to provide a theory of sufficient
generality to make possible more realistic comparison with experiment.
In the following we shall use the term "atom" to refer to either an atom
or a molecule.

In the model considered here the internal and translational motions
of the atom are treated quantum-mechanically while the field is treated
classically. Our theory treats only the case of exact resonance, and
spontaneous emission is ignored. Thus the present theory is expected to
give a valid description of atomic motion in a strong resonant standing
wave fbr interaction time less than the shortest natural lifetime of the

several interacting levels.

In the following section the basic theory of atomic motion in a
resonant standing wave is developed. It is shown that, if N levels take
part in the resonant interaction, the motion of the atom is determined by
N independent noninterfering "eigenwaves", each of which satisfies a
simple one-component Schrodinger equation with time-independent potential

energy.  In Section III the structure of the eigenwaves and associated
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eigenwaves and associated potential energies is studied for four cases
likely to be encountered in practice: (1) a two-level atom, (2) a
two-level atom with degenerate upper level, (3) a truncated harmonic
oscillator, and (4) an ideal simple harmonic oscillator. Section IV
contains a derivation of the differential equation describing propagation
of a paraxial atomic beam in a resonant standing wave, and an exact

solution to this equation is derived and discussed in Section V.
I1. BASIC THEORY

As in previous work (I and II) we start with the Hamiltonian for an
atom in a classically prescribed electromagnetic field in the electric

dipole approximation,
2 > > >
H=P"/2M + Ho -ue E(R,t) (M

where P2/2M is the kinetic energy associated with the center-of-mass
moment um 3; H0 is the Hamiltonian for the internal motion of the

> >
unperturbed atam, ¥ is the electric dipole moment operator, and E(R,t) is

the electric field evaluated at the center-of-mass position ﬁ: We

consider the motion of an atom in a monochromatic standing wave
> > >
E(x,t) = eE(x) cos wt (2)

where ¢ is a unit polarization vector independent of position and time.
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In the position representation for the center-of-mass motion and the
energy representation for the internal motion, the basis states are
|n,;:>= |n>|;>, where |n > is an eigenvector of Hy (Holn > = En|n>),
and |§'>is an eigenvector of the center-of-mass position operator'§ with
eigenvalue X (ﬁ|;=>= Y|;>). An arbitrary state vector is expanded as

lo > = %: fd3xcn(§)e-1E"t/h|n,; > (3)
where cn(f) is the amplitude for position ; and internal energy En'
Inserting this expansion into the Schrodinger equation, ih3|y>/3t = H|v>,
making use of the orthonormality of the basis states ln,§>, and
evaluating the matrix elements of the Hamiltonian, Equation (1), with

> >
E(R,t) taken from Equation (2), we obtain the equations of motion

-5
acnﬁx) h2 2

i = - v (%)
ot 2M n
. i t
- E(;)Zunmcm(;) cos (wt)emnm (4)
m

where = <n|%-e|m> and Wom = (Ep - E)/N.

Ynm
The following calculation is limited to the case in which the applied
field frequency w is equal to one of the resonant frequencies of the
atan. In general several atomic transitions are simultaneously in
resonance with the applied field. This occurs, for example, when the

field induces transitions between two energy levels each of which is
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degenerate, or when the atom (molecule) is an harmonic oscillator, in
which case the entire ladder of transitions is in resonance with the field.

The states n and m strongly affected by the field are those that satisfy

| = o

Next a rotating wave approximation is introduced by expanding cos ( ut)

in exponentials and keeping only terms on the right in Equation (4) that

vary slowly with time. The result is

>
acn(x) f.2 2

- - V +
5t = - cy(x)
L
2 E: M m© m (5)
m
Wi = Yo fOr ol =0, and i i
where Hom = Yom FOr ©oml =@, an unm = 0 otherwise. The

indesies n and m in Equations (5) range over the entire set of atomic
states. It is convenient to partition this set into (1) the set of N
states that interact with the field (essential states), and (2) the
remaining set of states that do not interact with the field (inessential
states). With a rearrangement of state lables, the amplitudes Cn(;)

for essential states satisfy Equations (5) with n and m running from 1 to
N, and tnm becomes an N x N matrix. The amplitudes for inessential
states satisfy free particle Schrodinger equations, ihacn/at =

- (hZ/ZM)Vzcn. We shall assume that the atom starts out in its

ground state, and that the ground state is an essential state. In this

case, the inessential states may be ignored.
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The coupled set of differential equations for essential states,

Equations (5), is decoupled by a unitary transformation. Let
> N >
¢, (x) =k=Z]Unkuk(X) (6)

where Unk is the unitary matrix that diagonalizes tnm’

N
o _
; 2:1Unj ik%n = MnCnm- (7)

. '\J 3 - .
o are the eigenvalues of Yo Upon substituting (6) into (5),
1

matrix multiplying the result on the left by U, =

+ . .
ULn,and using Equation

(7), we obtain the decoupled equations
du (;) ,h2
. n _ 2 > 1 > >
h—g— = =55 YV u,(X) - 5w EXu (X). (8)

Equation (8) indicates that the "eigenwave" un(f) satisfies a single-

-

component Schrédinger equation with potential energy Vn(i) = - %u E(x).

n
The various eigenwaves propagate independently under the influence of
their respective potential energies, and it follows from (6) that the

2
|

probability density for the position of the atom, P(X) = zn|cn(§)
Zn|un(§)|2, is the sum of the densities |un(3<*)|2 for each of the
eigenwaves, i.e. there is no interference between different eigenwaves.

From the inverse of Equation (6),

N
y (%) =2_:]u,’{kck(i’) (9)
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we find that if the atom is initially in its ground state (ck(;,o) =0
for k > 1), then

u (%,0) = Uy ¢ (%00, (10)

and the probability Nn that the atom occupies the nth eigenwave is

2. (11)

o= f dxfu (X012 = |y,
These probabilities are independent of time.

The theory may be illustrated by considering a narrow beam of atoms
that traverses a section of standing wave in which VE is transverse to
the beam. According to Ehrenfest's theoren?% atoms in the nth
eigenwave experience a deflecting force ?; = - <VVn >=v%un <VE >
proportional to Hos and hence, the atomic beam is split into as many
components as there are distinct eigenvalues Hpe If the eigenvalues
W, are nondegenerate, this technique may be used to separate the

different eigenwaves, in much the same way as different angular momentum

states are separated in the Stern-Gerlach experiment.
III. SPECIFIC EXAMPLES
In this section the above theory is applied to four specific cases

1ikely to be encountered in practice, and for which diagonalization ofﬁhm

has been found to be analytically tractable.
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A. Simpie two-level atam

For an appropriate choice of the phases of |n>, the dipole moment

matrix takes the form

n 0 u
I,lnm =[ ] > (12)
Ho

where p is a real number. The unitary matrix that diagonalizes (12) is

-1/2 |1
Uy = 27 [1 -}] ’ (13)

and the eigenvalues are My T Hs Wy = -y, The eigenwaves are related to

the amplitudes c1(;) and cz(;) of the two-level atom by the equations

u (%) = 2712, (%) + ¢,y (0],
(14)

u,(x) = 27 2o (%) - ¢, (0,

and these eigenwaves propagate independently with potential energies
V1(;) = - %wiE (:) and VZ(Z) = '% U E(:} respectively. A two-level

atom initially in its ground state has equal probability to be in either
of the two eigenwaves (N] = W, = 1/2), and since the eigenvalues ¥y»

u, are distinct, a narrow beam of two-level atoms splits into two beams
when it encounters the amplitude gradient of a standing wave, i.e. a

standing wave acts as a birefringent medium for two-level atoms. This

simple case was treated previously in I.
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B. Two-level atom with degenerate upper level

Consider a two-level atom with nondegenerate ground state (émp]itude
c](;)) and a degenerate upper level consisting of N - 1 states
(amplitudes cn(;), n=2, ..., N). Let'ﬁn] be the transition dipole
moment between the ground state and the upper state of index n. The

dipole moment matrix takes the form

(— N Y] N
]
321 0 0 +e0 0
ﬁnm= Ngg 0 0 -ee 0 (15)
ﬁN] 0 0 o+ 0
. N, n ¥ — . . v .
with Hin = ¥pp - Let Vin be an eigenvector of Hoam with

. . f\,
eigenvalue u. The eigenvalue equation, Em ¥ m Vm = an, becomes

N
p>

m=2

V)

Hm Ym T ") (16)

for n = 1, and

u = 17
"1 V] an (17)
for n > 1. There exist solutions of these equations with V1 =0, u=20

,\'*
and Em H

ny
al Vm - 0. If T (m=2, ..., N) are regarded as the

components of a vector in N - 1 dimensions, the last equation states that

vm(m =2, ..., N) is a vector orthogonal to ﬁm1. In N - 1 dimensions
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there are N - 2 such vectors, and hence, there are N - 2 eigenvectors of
anm With v; = 0 and u = 0. Now the mth column of the unitary matrix

Unm that diagonalizes %nm is the eigenvector of ﬁn with eigenvalue

m
My Thus Equation (9) states that un(i) is the inner product of the
nth eigenvector of ﬁnm with cm(x), and (11) tells us that the
probability Nn is the absolute square of the first component of the nth
eigenvector of tnm‘ Because each of the N - 2 eigenvectors we have
been considering has zero first canponent (V] = 0), the probability is
zero that any of the eigenwaves associated with these eigenvectors is
occupied.

The remaining two eigenvectors of ﬁhm’ or columns of Unm’ are
obtained by solving Equations (16) and (17) with u # 0. Upon solving
(17) for Vs

_ A
R R AT (18)

n

and inserting this into (16), we get the eigenvalues

N ) 1/2
w, = i[EZ Iﬁm]l ] =+0 (19)

t m=

o is the r.m.s. of the transition dipole moments between ground and

excited states. The components of the two eigenvectors are obtained from

Y]

(18) by normalization. The result is v = 2]/% via g 24/2 “nT/° (n =2,

1 n
..» N). Finally, the inner product of these vectors with cm(f) gives

a formula for the occupied eigenwaves,
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The atom occupies these eigenwaves with probabilities W _ = IVTI2 =1/2 .
C. Truncated harmonic oscillator

The interaction of resonant radiaton with the vibrational levels of a
molecule may be approximated by treating the molecule as an N - level
system (n = 1, 2, ..., N) with E, =Nw(n - 1/2) and transition dipole

moments equal to those of a simple harmonic oscillator,

A"
Wy = wbvi s

ntl,m + V- Gn-],m]’ (21)
Here ;i is the moment for the n = 1 to n = 2 transition. Truncation of
simple harmonic oscillator levels for n > N takes into account, in an
approximate way, the fact that higher vibrational levels in real

molecules do not interact with the applied field due to anharmonicity.

It was shown by Biatynicka-Birula et.a]?o that the eigenvalues

1/2
of (21) are o = 21/ HA_ > where A, are the roots of the Wth Hermite

polynomial HN(x), and that the eigenvector associated with u. has

components

N-n Hn_](lm)

- N!2
Vi (k) = (n=1)1 INHy () T (22)
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It then follows from the arguments of the preceeding subsection that the

mth eigenwave is

N
> <>
up(x) == Vo lupde, (x), (23)
m=1
and the probability that the molecule occupies the mth eigenwave is

wm = IV](um)IZ. The eigenvalues Wy are distinct. Therefore the

amplitude gradient of a standing wave splits a narrow beam of truncated

harmonic oscillators into N distinct components.
D. Harmonic oscillator

As a final example consider a molecule whose internal motion is that
of an ideal simple harmonic oscillator of effective mass m, effective
charge e, and frequency w. For an ideal harmonic oscillator all of the
energy levels are essential, and the matrix Hnm of transition dipole
moments between essential states is the complete matrix of dipole
moments. Let a be the component of the oscillator amplitude in the
direction e of the applied electric field. The component of the dipole
moment in this direction is ﬁ = ea, and this operator is manifestly
diagonal in the g-representation. Therefore the eigenvectors of N are
the eigenvectors |q > of a, and the eigenvalues p = eq assume all real
values. The eigenvectors of t in the energy reprepresentation have

components vn(q) = <n|q >, where [n> (n =0, 1, 2, ...) are the
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energy eigenstates of the oscillator. As usual, the eigenwaves (here
labeled by the continuous index q) are determined by vn(q) through the

relation

*
u(9,X) = = v (q)c,(X), (24)
n
and the probability (here a density) that the molecule occupies the
eigenwave of eigenvalue u = eq is the absolute square of the first
component of V (q), namely, W(g) = IVo(q)I2 = |< g|0 >|2. From the
known form of the ground state wave function of an harmonic oscillator,

1/2

we find that W(q) = (mw/wh) exp {- quz/h}, and the ‘associated

probability density for eigenvalues u = eq is

W) = (2m2) 2 exp (- w2203, (25)
1
where Hy = e('ﬁlanm)2 is the transition dipole moment between oscillator
states n = 0 and n = 1. The eigenwave u(q;§) moves in potential energy
V(a,%) = - ¥ eqE(X).

2
The above results indicate that a narrow beam of ideal

harmonic-oscillator molecules is not split into a discrete set of beams
by the amplitude gradient of the standing wave, but rather, the beam
experiences a gaussian spreading owing to the continuous distribution of

eigenvalues p and the gaussian occupation probability for eigenwaves

U(q’—;) .
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IV. PROPAGATION OF PARAXIAL ATOMIC BEAMS

The differential equation for the eigenwave u»

du 2
. n_"n 2 _1 Fix
ih 3t =M v Un 7 l-lnt(x)un, (26)

has steady solutions of the form

> _ > . _ s
un(x,t) = wn(x) exp {ikz 1m0t} (27)

with ho = (ﬁk)2/2M. When un(i,t) is a paraxial wave propagating
in the positive z direction, wn(I) is a slowly varying function of z.

Inserting (27) into (26), we obtain

i) Mo
ooon 2 N per
2k = Ty - o (X)v, - (28)

On the assumption thatnpn is a slowly varying function of z, we may
discard the small term —32¢nﬁ22 on the right in (28) which is negligible
compared to the term containing BwnIEZ. In optics this is known as a
Fresnel approximation. Equation (28) becomes

3, M

. o2 Mnos 29
2'Ik—3-2——-VTlpn ?E(X)wn (29)

where v% = azlax2 + 32/3y2 is the transverse Laplacian. In vacuun (E =0)

the solution of (29) is the Fresnel diffraction integral,
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R ) ik[3-5,14) 2
l"n(p’z) - 2nilz-zoi_’~exP 2(2-205 1pn(po’zo o* (30)

where 3 = (x,y).

Let co(g) be the ground state wave function at z =0, t = 0. Then
according to (10) and (27) the initial eigenwaves are wn(E,O) = UTnCo(g)
But, as noted above, there is no interference between different
eigenwaves, and consequently the initial phase of each eigenwave may be

shifted by a constant without effecting the result. We use this freedom
*

to replace U1n

by its modulus in the preceeding equation, and write

the initial eigenwaves as wn(B;O) = Nl(zco(g)

In a typical experiment a beam of ground-state atoms enters the
standing wave at z = 0, exits the wave at z = L, and propagates in vacuum
to large positive z where the effect of the interaction is detected by
measuring the atomic flux J(g,z). The atomic flux, or z component of the
probability current density, is calculated in the usual way except that
terms containing aqa(az must be discarded to obtain a result consistent

with the Fresnel approximation. The total flux is

N
3(3,2) = (hk/M) z]wn(z,znz (31)
n:

Upon exiting the interaction region, the eigenwaveswn6§,L) may be

transformed to the transverse momentum representation
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o (B,L) = (2m)" [ 4, Gure PN, (32)

Then by using the standard interpretation of the momentum representation
wave function, or by analogy with Fraunhofer diffraction theory, it is

readily shown that as z »~ « the atomic flux approaches

\3 N -
13.2) = %“—%— 5 s, (n3/2,0)|2. (33)
Zz

V. DIFFRACTION OF ATOMS BY A SIMPLE STANDING WAVE

Consider a simple standing wave of amplitude H(x,z) = ZEO cos kox
for 0 <z <L and zero otherwise, where k0 = 24/ X is the propagation
constant. Atomic motion in the y direction is unaffected by the field

and may therefore be ignored. Equation (28) becomes

2
W, R ZMunFO
21k 57 - ax2 - hz (o0} kox ¥y (34)

for 0 <z <L, and Zikawn/az = -azwn/ax2 elsewhere. Equation (34) has

solutions of the form wn(x,z) = g(x)f(z) with f(z) = exp {- iXz} and

2 Mu E
9—%-+ 2(\k + 'Eo cos k x)g = 0 (35)
dx h

where A is a separation constant. The change of variables kox = 2%

yields
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2
49+ (a-2q, cos 26)g = 0 (36)
dg

where a = 8Ak/k§ and q = - 4MunE0/(ﬁk°)2. Equation (36)

is Mathieu's equation3}
If the incident atomic wave function is a plane wave propagating in

the positive z direction (co(x) =1, wn(x,O) =‘i1%’ the solution

of (34) will be an even periodic function of x. The even periodic

solutions of (36) are the Mathieu functions cer(E,qn), and the

associated characteristic values are a = ar(qn)31 These functions

form a complete orthogonal set for the expansion of even functions of

period Atz = 24, and the solution of (34), with initial condition

wn(x,o) = w;/z, can be expanded in terms of them in the usual way. The

result is

1

w .. n
_1/2 n -ix_2z :
wn(x,z) =W § dr cer( 5 kox,qn)e r (37)

r=o

2m
n_ .2 n_ -l ‘
where Ap = kea.(a,)/8k > and d = J;cer(g,qn)dg. (38)

Equation (37) is an exact solution to Equation (34) for 0 <z < L., the
solution for z > L is given by Equation (30) with z, = L, and, in the
the limit z » =, the atomic flux J(x,z) is obtained by evaluating

Equations (32) and (33). Thus an exact solution to the diffraction
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problem is easily written down. However, a solution in terms of Mathieu

functions is not particularly convenient for numerical evaluation nor

does it provide a clear physical picture of the scattering process.
Perhaps a better approach is to assume a solution of the form

© imk _x
/2 5 A(2)e ©, (39)

with Am(o) = § The mth term in (39) is the amplitude that the

mo"
atom is moving with transverse momentum mhk0 (the momentum of m
photons) and the initial condition Am(O) = Gmo indicates that the

atom starts out with zero transverse momentum. Upon substituting (39)

into (34) we get equations for the amplitudes Am,

dA mekl My E

.oom = 0 __no
V& T A 2 (Am-l ¥ Am+])' (40)
2h k0
The change of variables z = Vzt = (hk/M)t from z to interaction time t,
and a further change of variables t = Qnt to dimensionless time 1,
where Q = unEO/T\, reduces Equation (40) to

dA 2 1

. m _ I
1 —(E—— am Am - 5 (Am_1 + Am+-|) (4])

where g = Chko)Z/ZMano is a dimensionless parameter. The

probability that an atom in eigenwave n has aquired transverse momentum
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mﬁk after interacting with the radiation for time t is P (t)
|Am($2nt)| . Equation (41) applies when 0% z< L or 0< T < Mu Eol_/h ko
For z > L, dP_/dz =

Equation (41) is one form of the Raman-Nath equation. The Raman-Nath
equation has been studied extensively in connection with diffraction of
light by ultrasonic wavegz. Here we see that diffraction of atoms by a
resonant standing electromagnetic wave is formally analogus to
diffraction of light by ultrasound. This formal analogy allows us to
carry over many of the results of the theory of diffraction by ultrasound
and apply them directly to the present problem.

Probably the most significant difference between the two theories is
that diffraction of atoms by a standing wave involves simultaneous
diffraction of N atomic eigenwaves, with N = 2 as a minimum, while
diffraction of light by ultrasound involves only a single 1ight wave.
Another difference is the value of the parameter a. In diffraction by
ultrasound this parameter typically has a value of order 10'1 or
larger, whereas the o for atomic diffraction by a strong standing Tight

wave can easily be as small as 1075,

To understand the significance of this parameter, consider the case

2p

in which o is small compared to unity. Then initially the term om -

in Equation (41) may be neglected, and the substitution Am = (i)mBm

reduces (41) to the form
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®n_1 4 (42)

T =7 Bt Bra)-

This is a recurrence relation for Bessel functions. The solution
satisfying initial conditions Bm(o) = 8o 1S Bm(r) = Jm(T). Thus
the probability that an atom in eigenwave n has aquired transverse

momentum mﬁk0 is
P = 3(a t) (43)
m m''n

This result was obtained previously in II for the case of a two-level
atom. The initial time development of Pm is illustrated in Figure 2.

The distribution of probability over m spreads approximately 1ine5r1y
with time, and Pm(t) (and hence Am ) are negligibly small except for

-Qnt <m= Qn}. Therefore, the first term on the right in (41) is

indeed negligible so long as a(Qnt)2 << 1., The Bessel function
expression for Pm(t) constitutes a complete solution to the diffraction
problem when the total interaction time tL = L/vz satisfies the above
inequality for all n. The probability that the atom is deflected through
angle em= mko/k in the x-z plane is the sum of the probabilities

Pm(tL), Equation (43), for each eigenwave weighted by the

probabilities W, that the eigenwaves are occupied,

Plo) = 2 Wa(at). (44)

[ 3 4
m—d

n
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However, when the probability spreads to values of m such that anF v,
the first term in (41) can no longer be neglected, and the Bessel
function solution ceases to be valid.

It is known from general arguments based on the Raman-Nath equation,
and from numerical solutions of the Raman-Nath equation, that the effect
of the term amzAm in Equation (41) is to prevent spreading of
probability to values of m much larger than o172 That is, this
term limits the number of orders observed in the diffraction pattern. In
the present context, this effect has a simple physica1 interpretation.
Recall that in a standing wave of amplitude E(x) = 2E0 cos kox an atom in

the nth eigenwave has potential energy V(x) = —%unE(x) = -unE cos kox.

0
The maximum potential difference that the atom can fall through in this

potential is AV = ZunEo, and hence, the maximum transverse momentum that
1/2

1/2
Expressed in terms of m, this relation becomes mﬁko,= Z(MunEo) / or

_ L2172
1/2,-1/2

the field can deliver to the atom is P, = (ZMAV)”2 2(MunEO)

m Therefore, the probability for diffraction into orders
m> 2 is small because this is a classically disallowed region of
momentum space. The very small value of o encountered in a strong
standing light wave, a ~ 10'6 say, implies that the atom will be
deflected into very high orders of the diffraction pattern, m “'103.
The maximum deflection obtainable ise6 = 2(M unEo)]/z /k where v is the
maximum eigenvalue for which the associated probability Nn is

nonnegligible.
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An explicit calculation of the distribution of atomc deflections O
for long interaction time (tL 2 Q;] a_]/z) requires numerical evaluation
of the exact solution, Equations (37), (32), and (33), or numerical
solution of the Raman-Nath equation, Equation (41). The reader
interested in persuing such calculations is referfed to the extensive
literature on techniques for numerical solution of the Raman-Nath

32

equation”” which has developed along with the theory of diffraction of

light by ultrasound.
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Atomic Motion in Resonant Radiation:

An Application of Ehrenfest's Theorem

R. J. Cook
University of California
Lawrence Livermore Laboratory
P. 0. Box 808
Livermore, California 94550

Abstract

A new theory of atomic motion in a resonant or near resonant
electromagnetic wave, based on Ehrenfest's theorem and the optical Bloch
equations, is presented. The theory provides a simple unified treatment
of the radiation force including effects of spontaneous emission and
induced dipole interactions. Analytical results are presented for a
plane running wave, a general standing wave, a collimated Gaussian beam,

and a combination of standing and running waves.
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I. INTRODUCTION

The recent revival of interest in the theory of atomic motion in an

7,19,22,33-35

electromagnetic wave and the increasing number of proposals

for the practical application of the theonr',y]G'20

suggest that this subject
has a bright future in both pure and applied physics.

Existing theories of atomic motion in resonant radiation tend to fall
into one of two catagories. There are elementary theories, based largely
on intuition and on primative concepts such as cross-section and polariz-
ability, that yield simple formulas for the radiation force under various
circumstances, and provide clear physical pictures of the processes
involved. These theories tend to be fragmented, with different arguments
being used in the derivation of different aspects of the radiation force.
For example, the radiation force associated with spontaneous emission and
the radiation force associated with interaction of the induced atomic
dipole moment with the amplitude gradient of the applied field are treated
separately, and yet another argument is used in discussions of cooling of
an atomic vapor by a standing wave tuned below resonance. Such fragmented

arguments leave one with the uneasy feeling that perhaps some component of

the total radiation force has been neglected, or that an interaction

between the different effects might alter the results. On the other
hand, there are theories that approach the atom-field interaction from
first principles, with both the internal and translational motions of the

atom treated quantum-mechanically, and often including interaction with
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the quantized electromagnetic field to take proper account of
spontaneous emission. These theories tend to be rather cumbersome,

and often numerical calculations must be carried out to obtain

useful results.

The purpose of this paper is to present a new approach to the theory
of atomic motion in a resonant or near resonant electromagnetic wave that
may be classified approximately midway between the above two catagories.
The theory, based on Ehrenfest's theorem and the optical Boch equations,
gives a unified treatment of the radiation force including effects of
spontaneous emission and the induced dipole interaction, and, at the same
time, retains much of the simplicity of previous elementary theories.

In the following section the theory is developed. In Sec. III
explicit formulas are derived for the radiation force in a plane running
wave, a standing wave, a collimated Gaussian beam, and a combination of

standing and running waves. The paper concludes in Sec. IV with a summary

of results and some comments on limitations of the theory.
II. BASIC THEORY

The Hamiltonian for an atom in a classically prescribed electromagnetic

wave, in the electric dipole approximation, is

>

H = P2/oM + Hy - B - E(R,t), (1)

where P2/2M js the kinetic energy associated with the center-of-mass momentum

3, HO is the Hamiltonian for the internal motion of the unperturbed atom, K
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> >
is the electric dipole moment operator, and E(R,t) is the electric
->
field evaluated at the center-of-mass position R. In the Heisenberg

-
representation, the operators R and [ satisfy equations of motion

3
R

(1K)7[R,H] = v H = P/M (2)

and

o
1}
]}

(ih)T[P.H] = -V = v(u-E) (3)

respectively. Upon combining the expectation values of Equations (2) and
(3), and setting ¥ = < R >, we obtain Ehrenfest's theorem
F = M: = < V(:-E) >, (8)
To simplify the following calculation, we consider atomic motion in
an electric field of the form E(;,t) = ¢ E(X,t), with polarization vector
€ independent of ; and t. In this case, Equation (2) becomes ? = < :-QVE >,

and if VE is nearly uniform across the atomic wave packet,
-> ~
F=<pee > VE(F,t). (5)

To the same approximation, the internal motion of the atom is driven by
the electric vector E(t) = ¢ E(:(t),t) at the position of the moving atom,
and the Hamiltonian for the internal motion is H'= Hy - :-E(t).

Now consider the motion of a two-level atom, with energy levels E]

and EZ’ in an arbitrary monochromatic field

E(X,t) = 5 E(R) exp {i[6(X) + wt])
+c. C. (6)
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Let C] and C2 be the amplitudes that the atom is in levels E, and E

1 2
respectively. Then the Schrdédinger equation for the internal motion of the

atom is

iMC] E]C.| - uE(t)C2

(7)

-«

where p = < 1IZ-E|2 > is the transition dipole moment (here taken to be

real), and E(t) = E(¥(t),t). Upon substituting the relations

(@]
"

| = Dy exp{-iE t/h + %-1 [at + o(t)]}

(8)

(]
1

. 1 .
) 02 exp{-1E,t/A - §-1[At +0(t)]}

into Equations (7), with a = o - W (wo = (E2 - E])/h) and o(t) = o(r(t)),

Equations (7) become

ifD, %—M(A + §)0, - uED, exp(-i(e + ut)}

(9)

Kb, = -%-M(A +8)D, - uED, exp{i(o + ut)}

Then inserting (6) into Equations (9) and neglecting inessential terms that

oscillate at twice the optical frequency (rotating wave approximation)]2

s

Equations (9) reduce to

ipd

1 = 3 Hla + 8(8)I0; - 5 uE(E)D,
(10)

i#D, = ~3 K[a + 6(£)0, - 5 wE(£)D,
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Note that E(t) and é(t) are determined by the atomic position and velocity

through the relations E = E(r) and & = ve(¥) - r.

According to Equations (8), the density matrix for the internal motion,

Pom = CnCm*, can be written as
°11 T N
Py = G
22 22
: (11)
Pyp = Oyp EXP {i(e + wt)}
P21 = 02] exp {-i(6 + wt)}
where pm = DnD;, and it follows from Equations (10) that hm satisfy
equations of motion
S
oy = - 7 1&loy; = op)
532 = 3 iy - op1) (12)

. . . '] .

912 - i(a + 6)0]2 + §-1Q(022 - c]])

where Q(t) = uE(t)/h. @ = uE/h is the on-resonance Rabi flopping frequency
for a two-level atom in a field of amplitude E.

The expectation value appearing in Equation (5) is written in terms

of the density matrix, or in terms of 9m? 25

< : £ > = U(D]Z + 02])

u[olz exp{i(e + wt)}

9,9 exp{-i(e + wt)}]. (13)



69

Here oo are slowly varying functions of time compared to the optical factor
exp {iut}., The equation of motion for the atom is obtained by substituting (6)
and (13) into Equation (5) and again discarding inessential terms that

oscillate at twice the optical frequency. The result is

> —> 1
F = Mr =5 wE(o,, + o

12 21)

1.
- 5 TEve(oy, - 0,9). (14)

Effects of spontaneous emission are introduced into the theory by adding
relaxation terms to Equations (12),

. 1 .
o = 7 18logp - op) *Aogy s

1 .
5-19(012 - 02]) - A022 . (15)

P 1 ]
- 18+ 8)ayy + 7 Halogy = ogg) - 7 Aoy s

where A = 4w3]< 17]2 >{2/3hc3 is the spontaneous emission rate (Einstein
A coefficient). The relaxation terms may be derived from a first-principles
calcu]ation36 or simply written down on the basis of simple phenomenological
arguments.

Equations (14) and (15) can be rewritten in terms of three real

variables

<
I

(015 * 0p9)

<
i

- 1(012 - 02]) (16)

W= (op - op)
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as

-> :; 'I ,

F = Mr=7n[Uvn + Vave ] _ (17)
and

0= (a+8)V - —;-AU

L] [ ] ]

V=-(a+08)U+ oW -5 AV (18)

W= -V - AW+ 1)

respectively, where o1 + Opp = 1 was used in the derivation of (18).
Equations (18) are the optical Bloch equations in the rotating wave
approximation.

Equations (17) and (18) determine the motion of a two-level atom in
a monochromatic field with arbitrary amplitude E(X) and phase o(x). It is
clear from these equations that, in general, the radiation force is not
a simple function of the atoms position and velocity, but rather depends
on the history of the motion through the Bloch equations. There are,
however, certain cases in which the radiation force reduces to a function
of atomic position and velocity to an excellent approximation, Some of

these cases are discussed in the following section.
III. EXAMPLES

A. Steady-state approximation
Consider first the case in which the electric field amplitude
E(t) = E(¥(t)) and phase derivative 8(t) = ve(r(t)) - v(t) vary by only

a small fraction during a natural lifetime ™ T 1/A, i.e., the case in



71

which the atom moves sufficiently slowly so that at each instant U, V, and
W assume the steady-state values obtained from Equations (18) by setting

0=V==%=0. The steady-state solution of Equations (18) gives

U = 40(A + 6)

4(n + 6)2 + A% 4 202’

) 2A0
4(n + é)2 + A2 + 20°

and hence, the radiation force, Equation (17), becomes

13 hAnzve + p(a + é)vsz2 (19)
4(a + 5)2 + A2 4 297

The meaning of Equation (19) will be illustrated by applying it to a few

simple problems,

For a plane running wave, E(X,t) = E0 cos (K » X - wt), we have

-5
X
Q= qu/h = constant, 6(X) = - K-X, and 6 = - X - *. The radiation force,

Equation (19), reduces to
AoZRE

+
F =
4(n - K - )2 + A2 + 20

. - (20)

This is the radiation force associated with spontaneous emission or

with scattering of radiation by the atom. The force is a Lorentzian
function of w centered at wy * k - ¥ (atomic frequency plus Dopp]ér shift)
with full width at half maximum (A2 + 2&22)1/2 corresponding to natural and
power broadening of the atomic responce. In a strong field (2 - =) the
force saturates to the value F= %-AME. Equation (20) is consistent with

Ashkins theory of resonance-radiation pressur‘e].9
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In a general standing wave, E(X,t) = E(X) cos wt, we have a(X) = uE(X)/h
and 6 = 0. Here the amplitude E(X) is a solution of the time-independent
wave equation v2E + (m/c)zE = 0. The radiation force, Equation (19), is

now

‘; - . MAv92

21
4A2+A2+292 (21)

This force is a result of the interaction between the induced atomic
dipole moment and the amplitude gradient of the standing wave. It may be
written in the form F = % ovE’, where o = - 2au°/A[42% + A% + 2(uE.1)%]
is the atomic polarizability. The dipole force is derivable from a

potential

-
F=-vU,

2 2).

(e
1]

1 2
7 Ba Ln (4a° + A® + 20

(22)

when the field is tuned above resonance (A > o) the dipole force is in the
direction of decreasiny field strength, and the atom tends to be expelled
by the field. When the field is tuned below resonance (A < o) the dipole
force is in the direction of increasing field strength, and the atom tends
to be trapped by the radiation. On resonance (A = 0) the dipole force
vanishes. These results for a general standing wave are again consistent
with the theory of Ashkin].9
Equation (19) may also be applied to problems involving a combination
of standing and running waves. In this case, a new velocity-dependent term

appears which has not been considered in previous treatments of radiation

force. For example, if the anplied field
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E(x,t) = ES cos kx cos wt

+ ET cos (kx - wt) (23)

is written in the form of Equation (6), and the resulting amplitude E(x)
and phase 6(x) are inserted into Equation (19), the radiation force

becomes
F, = A2,2,Hk/D - Kala®]+/D
or 2a,,1.2
+ he9, kx[2°]7/(2°D) (24)
where @, = uET/n, 2, = u(ET + ES)/M, and

2 Q? sinzkx + Qs coszkx, (25)

]

Q

4(n + é)2 + A%+ 292,

o
i

- - 29, kx/a2

De
}

The first two terms in (24) will be recognized as generalizations of the
running and standing wave forces considered above, while the third term is
new and occurs only when standing and running waves are simultaneously
present, When the atomic velocity is zero, the new term vanishes, and the
“(

dipole force in (24) is derivable from the potential (22) with @“(x) taken

~from Equation (25). The depth of modulation of this periodic potential is

8U = Upax ~ Unin
(26)
4A2 + A2 +2(n + @ )2
_ ] S 1
= 7 faln 7. 2. ,2
47 + AT + 20

1
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where Q = uES/M. As the strength of the running wave 2 increases from zero,
the trapping energy sU of the standing wave first increases to a maximum

and then decrease to zero as MA(QS/Q]) = MA(ES/E])- This result disagrees
with the theory of Ashkinlgwhich predicts a monotonic decrease of the

trapping energy with increasing E], and a 1imiting value proportional to

(ES/E])2 as t

> o,

1

Another case of current experimental interest is that of atomic motion
in a Gaussian laser beam. Consider a collimated Gaussian beam of spot size

W, propagating in the z direction

E(X,t) = EO exp{- (x2 + yz)/wg} cos {kz - wt}. (27)

Here (x,y) = (uEO/M) exp {- (xz + y2)/w§} and 6(z) = -kz. The radiation

force, Equation (19), consists of a longitudinal radiation pressure

- Aa°Hik
2 4(s - k2)? + A% + 20° (28)

and a transverse dipole force

oMo - k2)va’

T a(s - k2)% + A2 + 29° (29)

Unlike the dipole force in a standing wave, which is independent of velocity
(in the present approximation), the transverse dipole force depends on the
atomic velocity through the Doppler shift kz. The dipole force is directed
toward the beam axis when kz>A and away from the axis when kz<a. This

result leads to the interesting prediction that in a resonant Gaussian
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beam (A = o) a co-propagating atomic beam (Z > o) is focussed and trapped
by the field, while a counter-propagating atomic beam (z < o) is defocussed
and expelled by the resonant radiation. Focussing and defocussing of a
beam of sodium atoms by the transverse dipole force in a co-propagating

Gaussian laser beam has recently been observed in the experiment of

Bjorkholm et a1§7

B. Dissipative force in a standing wave

When an atom moves with typical thermal velocity v across the fringes
of a simple standing wave E(x) = E§ cos kx of visible 1ight, the approximation
of slowly varying field amplitude that lead to Equation (19) is no longer
valid (the amplitude at the moving atom varies as E(t) = E6 cos kvt and kv
generally exceeds the spontaneous emission rate A). Thus the above standing-
wave results are valid only in the limit kv<<A, and the case kv2A requires a
different approach. In this subsection we calculate the time-average radiation
force for arbitrary atomic velocity in a weak standing wave. This probiem
is of considerable interest 1n connection with recent proposals for cooling

. . : 18,19
an atomic vapor py a standing wave tuned below resonance.

In a simple standing wave Q(x) = e cos kx (Qo = 1E,/h), © = o, and the
force acting on the atom, Equation (17), is FX=—%U90 Kk sin kx. Let x = vt.

Then the time-average radiation force is

F% =-%Qoﬁk<u(t)s1nkvt>a (30)

V’
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and the equations describing the internal motion of the atom, Equations (18),

are

j= -1
U-= 5 AU + aV

V=-1av-au+a cos(kvt)u (31)
2 5

= -
|

= - g cos(kvt)V - A(W + 1)
(¢]

If the field is weak (Qo<<A), the degree of atomic excitation (or inversion)
W remains near the ground state value (W~ =-1). For W = -1 the first two

of Equations (31) can be solved exactly. The persistent solution is

U = acoskvt +Bsinkvt (32)
V = vcoskvt +vsinkvt (33)
where
@ = - Ano[(A/Z)2 + 2% - (kv)z]/D
g = A Akv/D (34)
Y = —%AQO[}A/Z)Z + a2 4 (kV)z]/D
v = - onv[(A/Z)2 Y (kv)z]/D
and
0 = [2% - (kn)Z]% + (ar2)2[(ar2F + 207 + 2(kv)?]. (35)
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insertion of (32) into (30) yields F; = - %vQOMkB, and taking B from (34)
we obtain

2

“leara)® + 2e® v 2(kv)?

vaAa?
F, = °
X 4[A2-(kv)2]2 + A

(36)

This equation states that the time-average radiation force in a weak standing
wave is a positive quantity times vA. Thus a standing wave tuned below
resonance {A<o) damps the atomic velocity, while a standing wave tuned above
resonance (A>0) amplifies the atomic velocity.

A reliable caiculation of the radiation force in a strong standing wave
requires solution of the full set of equations (31). This problem is more
difficult than the simple examples considered here and will not be discussed

in the present paper.

IV. CONCLUSION

The purpose of this paper has been to present a simple unified theory
of atomic motion in resonant radiation, and to demonstrate the utility of the
theory by applying it to a number of problems of current interest. The spon-
taneous force in a plane running wave, the dipole force in a general standing
wave, and the transverse dipole force in a collimated Gaussian beam were
obtained by almost trivial applications of the theory in the steady-state
approximation. New results were presented for the radiation force in a
combination of standing and running waves, and a formula for the dissipa-

tive force in a weak standing wave was derived.
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It should be emphasized that a theory based on Ehrenfest's theorem
describes the motion of the centroid of the center-of-mass probability
density. It says nothing about the spread of the atomic wave packet
about the centroid. Because of this limitation, results of the present
theory are, in some cases, misleading. For example, the present theory
suggests that the radiation force acting on a slowly moving atom in a

24 shows

standing wave vanishes as A - 0, while a more detailed theory
that, for A = 0, the atomic trajectory is split by the resonant
radiation, in much the same way as a narrow atomic beam is split in the
Stern-Gerlach experiment, but the splitting is symmetric so the centroid
is not accelerated. This lack of detail in the present theory is the
price paid for simplicity. On the other hand, in almost all problems
of practical interest, the deBroglie wavelength of the atom is many
orders of magnitude smaller than the optical wavelength (the minimum
scale size of the applied field), and therefore it is expected that the
simple picture of a point atom moving along a classical trajectory is
an excellent approximation for a wide class of problems.

The present theory is clearly applicable to more elaborate problems
than considered here. We believe that our basic working equations,

Eqs. (17) and (18), will provide a convenient and fruitful framework in

which to study such problems.
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ATOMIC MOTION IN RESONANT FLUCTUATING
LASER RADIATION

R.J. Cook

University of California
Lawrence Livermore Laboratory
P.0. Box 5508

Livermore, California 94550

ABSTRACT

The effect of field fluctuations on the motion of a two-level atom
in resonant laser radiation is investigated theoretically. The internal
motion of the atom is treated quantum-mechanically (optical Bloch equations),
the translational motion, which is coupled to the internal motion, is
treated classically (Ehrenfest's theorem), and the fluctuating radiation
is treated as a classical electromagnetic wave with stochastic phase
(phase-diffusion model). An expression for the radiation force and
equations of motion for the ensemble-averaged Bloch vector are derived and
used to calculate: (1) the radiation force in a plane running wave,
(2) the steady-state radiation force in a general standing wave, and
(3) the dissipative force in a plane standing wave in the Timit of strong
phase fluctuations. In case (3) it is found that the atomic velocity
is damped when the radiation is tuned above resonance, which is opposite

to the case of a weak coherent standing wave in which damping occures



for radiation tuned below resonance. It is shown that fluctuations have
a substantial effect on the radiation force only when the spectral width

of the radiation approaches or exceeds the spontaneous emission rate A.

81
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I. INTRODUCTION
The theory of atomic motion in resonant radiation has attracted
considerable interest in recent years not only because of a basic desire
to understand this aspect of the interaction of radiation with matter
but also because of the possibility of applying the theory to problems

of laser isotope separation4’]0’28 17-19,35,37’

22,25

» atomic trapping and cooling

neutral-atom acceleration 2’5’1},

» atomic-beam-deflection spectroscopy
and so on.

Although all real sources of radiation undergo fluctuations and
have finite bandwidths, existing theories of atomic motion in resonant
radiation have largely ignored the fluctuations, and have treated
laser radiation as if it were perfectly monochromatic. Questions
naturally arise, therefore, as to what effect fluctuations might have
on the atomic motion, or to what extent the radiation force acting on
the atom is influenced by the finite coherence time of the applied field.
The purpose of this paper is to take a first step toward answering these
questions.

In a recent paper38 it was shown that the motion of a two-level
atom of mass M, resonant frequency we, transition dipole moment U, and

spontaneous emission rate A, in a general monochromatic field
E(X,t) = E(X) cos 3wt + 8(x) % . (1)
is determined by the coupled set of equations

M;*= (1/72)h [uVQ+ vszve] (2)
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Q= (A+0)v  -(1/2)Au (3a)
v = -(A+8)y + Qw-(1/2)Av (3b)
W= - Qv-A(wtl) (3c)

where Q(?) = uE(?)/ﬁ is the on-resonance Rabi flopping frequency, (u,v,w)
is the Bloch vector in the rotating wave approximation, and A = w - wp
js the detuning frequency. In Eq. (2) V@, Q, and VO are functions of
atomic position ;, and u and v are funétions of time determined by
Egs. (3), while in Egs. (3) é(t) = VG(?)-? and 2(t) = Q(?) are regarded
as functions of time determined by the atomic trajectory ?(t). Equation
(2) was derived from Ehrenfest's theorem, and Eqs. (3) are the usual optical
Bloch equations, here driven by the electric field at the moving atom.
In the present paper we shall extend Eqs. (2) and (3) to the case

in which the electric field contains an additional stochastic phase ¢(t),
E(x,t) = E(x) cos {wt + 8(x) + ¢(t) [ , (4)

and the phase derivative é(t) is 8-correlated in time, the so-called

39

phase-diffusion model of laser fluctuations The phase-diffusion model

is motivated by the fact that radiation emanating from a single-mode
laser operated far above threshold is well represented by a classical electro-

39,40

magnetic wave with fixed amplitude and randomly drifting phase It

should be emphasized that by taking the amplitude E(;) to be fixed and
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the stochastic phase ¢(t) to be independent of position, we are restrict-
ing the theory to fluctuating fields of a rather special form. The
field E(X,t) in the interaction region will be of this form when‘the
interaction region is small compared to the coherence length of the
source laser and when all optical path lengths from the source to the
interaction region, through the optics that generate the desired field
E(X,t), differ by much less than a coherence length. For example, if a
laser beam is folded back on itself by a plane mirror to form a standing
wave, the field will be of the form in Eq. (4) in the region adjacent

to the mirror where the "visibility" of the standing wave interference
pattern is near unity.

In the following section the statistics of a field with fixed
amplitude and §-correlated phase derivative is briefly reviewed. 1In
section III an expression for the mean radiation force is written down,
and the equations of motion for the ensemble-averaged Bloch vector are
derived. 1In section IV the theory is applied to a plane running wave
and a general standing wave in the steady-state approximation, and
finally, in section V, the dissipative radiation force in a plane

standing wave is calculated in the limit of broad-spectrum radiation.
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II. FIELD STATISTICS
The electric field, Eq. (4), is the real part of

E(%,t) = E(X) exp)-i [wt + 6(%) + o(t)1} . (5)

We assume that the phase derivative $(t) has mean value zero and is

§-correlated in time,

<oty d>=0 (6)
< o(t) ¢(t') D> = 2rs (t'-t) . (7)

It follows from these relations that the phase change

t .
s(t) - (0) = L¢u)« (8)

has mean zero and variance

<ﬁu>-wmk> jtm ﬁd¢<éc)ay)>

0

or t . (9)

The stochastic phase ¢(t) is a constant ¢(0) plus the sum of a Targe number
of statistically independent impulses é(s)ds. Therefore, by the central
limit theorem4], ¢(t) is Gaussian distributed. It has been emphasized by
several authors that the statistics of the diffusing phase ¢(t) is

formally analogous to the statistics of Brownian motion in one dimension42’43.



The temporal correlation function of the electric field E, at some

prescribed point ;, is
CE(DE* (t')> = pzetolt'-t) ¢ ilot")-o(t)]y (10)

and because ¢(t) is a Gaussian stochastic process

cet Lot o))y - (172)<[a(t")- o(8)]?> (1)

Using (8) and then (7), we find that

L[o(t')- o(t)]*>

t' t' . .
j ds J ds'¢ ¢(s) ¢(s')>
t t

2r|t'-t| . (12)
Hence the correlation function { E(t)E* (t') ) = C(t'-t) has the form
C(r) = gzetor - Tltl (13)

and the spectrum of the radiation,

FC(T )e-iw T dr

2
- C2TE® , (18)

I{w")

js seen to be Lorentzian with spectral width Aw' =T.
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III. EQUATIONS OF MOTION
The only change of Eqs. (3) resulting from the addition of the
stochastic phase ¢(t) to the monochromatic field (1) is that é(t) is

replaced by 6(t) + ¢(t). The Bloch equations become

U= (A+ 6+ ¢)v -(1/2)Au (15a)
v = -(At6 + ¢)u + w -(1/2)Av (15b)
W= - Qv -A(w+1) (15¢)

The equations of motion for the ensemble-averaged Bloch vector (u,v,w)

may be derived from Eqs. (15) without approximations by using the theory

of multiplicative stochastic processes when é(t) is §-correlated in

time. For completeness we shall present here a simple approximate cal-

culation leading to the same result, and refer the interested reader to
44,45

the literature for more rigorous treatments of this problem.

We define vectors

u 0
X=1]v . =10 (16)
w .-A
and matrices
-A/2. A+9 0
M=]-(a+8) -A/2 Q . (17)
0 -0 -A
0 ] 0
N=[-1 0 0 (18)
0 0 0

Then Eqs (15) take the form

87
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X=(M+oN)X+C - (19)

Next we integrate this equation over a time interval ty to t sufficiently

short that M(t) may be regarded as constant over the interval,

t t .
X(£) = X(tg) + C(t-ty)H J X(s)ds +N [ b(s)X(s)ds. (20)
t

0 to
Equation (20) is solved by iteration. The zeroth order solution is

X(t) = X(to). Upon substituting this on the right in (20) we obtain the

first order solution

t .
K(E) = X(Eg)¥C(E-t)HMX (tg) (t-to)HNK(E,) f o(s)ds . (21)

t

A second iteration yields the second order solution

. t
X(t)-X(tO) = [(t—to) ts M(t—t0)2 + N f

ds o(s)(s-t.)|C
tS SSO]

0

S .
ds'¢(s')]X(t0)

+M[ﬁ%&+%MH¢&2+NJtdth

t

0 0
t t .
. N[f dsé (s) + M f dsé (s)(s-t.)
t t 0
0 0
t s . .
en [ ds [ ds' #ls)e (s-)] X(t.) . (22)
L It 0
0o to

We now take the ensemble average of (22) noting that X(to) and $(t),
for t»> to, are statistically independent because X(to) depends upon (kt)
only for t <t, and &(t) is &correlated in time. Equation (6) indi-

cates that all terms linear in $ vanish when averaged, and hence



(22) yields

R(t) - i(to) . N
= = [1 ts M(t-to)] [Mx(to) + C]

o1 ft ds r ds'< ¢(s)e(s')> N2K(t,)
t- t, 0

(23)
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Finally, with the help of Eq. (7), the double integral in (23) is readily

evaluated, and passing to the limit t-» t0 we obtain the equation of motion

for the ensemble-averaged Bloch vector
X = (M+TN)X+C, (24)

or in component form

u=(a+9)Vv -(1/2)(A + 2r)u (25a)
v = -(a+ 0)u + aw-(1/2)(A + 2r)v (25b)
W= -0 V-A(w+1) (25¢)

The net effect of the stochastic phase on the Bloch equations is to
change the transverse relaxation rate (R» = 1/T3) from A/2 to (A+2T)/2.
The longitudinal relaxation rate (R,;=1/T;=A) is not affected by the
fluctuating field.

The ensemble average of the radiation force, Eq. (2), is simply

Y

F=M-= %—ﬁ [GVQ + nge] (26)

This equation together with Eqs. (25) determine the atomic trajectory
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in the fluctuating radiation.
IV. STEADY-STATE APPROXIMATION
When the atomic velocity is small or when vs(x) and Q(X) afe slowly
varying functions of position, the quantities é(t) = ve(?)-? and
a(t) = Q(¥), that drive the Bloch equations, are slowly varying functions
of time. In this case, the Bloch vector (u,v,w) is, at each instant, very
nearly equal to the "steady-state" Bloch vector obtained from Egs. (25)

by setting t=¢=§=o, namely

U= -40 (A + 8)/D (27)

v=-2(A+2r)a/D (28)

W= —[4(A +8)2 + (A+ 2r)2]/o (29)
where

D=4(aA+6)2+ (1+ 2r/A) [A2(1 + 2r/A) + 292] ) (30)

The radiation force, Eq. (26), becomes

r_ _ _haAa?ve + %i(a + 6)ve?

(31)
4(A + 8)2 + q(qA? + 202)

where q=1+2T/A.
In a plane running wave, E(X,t) = Ecos{ KX - wt - ¢(t) } , the

radiation force reduces to

= qﬁfﬂfﬁ?
4(a - K-¥)2 + q(qA2 + 202 )

(32)
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Near resonance [(A - ?-?)2< qA2/4] this force is less than, and off re-
sonance [(A - f-%)z >qA2/4 ] is greater than, the corresponding force
without fluctuations. The running wave force can be written as
F = (A72)(w+1) }K = AP hK, where P, = (w+1)/2 is the probability that
the upper atomic level is occupied. Thus, with or without fluctuations,
the force is simply the rate of spontaneous emission AP, times the momen-
tum h¥ per incident photon5

In a general standing wave, E(X,t) = E(X) cos {wt + ¢(t) } , the

steady-state radiation force takes the form

B havg?
4A% + q(qA? + 202)

(33)

Here the force is always weaker with fluctuations than without. The

standing wave force is derivable from a potential

F=-w , (34)
(ha/2q) 1In [4A2 + q(qA? + 292)] . (35)

[
i}

Since the minimum scale size of inhomogeneities of the field
E(X,t) is of order A, the maximum frequency of 8(t) or o(t), for an
atom moving with velocity v, is of order kv, where k = 2n/Xx. A suffi-
cient condition for the validity of the steady-state approximation is
that this frequency be small compared to the smallest relaxation rate

in the Bloch equations, i.e.

kv<< A . (36)
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This condition is not necessary for a plane running wave because
ve = -k and Q are independent of position, but in many cases of practi-
cal interest, e.g. a standing wave, condition (36) is necessary, and this
places a rather severe constraint on the range of velocity that can
be treated within the steady-state approximation.

V. ATOMIC MOTION IN BROAD-

SPECTRUM RADIATION
When the spectral width T of the applied field is large (I>> A),

the transverse relaxation rate R, = (A + 2I')/2 greatly exceeds the longi-
tudinal relaxation rate R;= A. In this limit, and when kv << (A + 2r)/2,
j'and %’may be set equal to zero in the first two Bloch equations,

Eqs. (25a) and (25b), to obtain

4(p+ 8) W

u= - (37)
4 (A+0)2 + (A+2r)?
v 2(A +‘2F)Q W , (38)
4(a+ 8)2+ (A+2r)?
and using this value for v, the third Bloch equation,
. ” _
w=-{a+ 2200 WA, (39)

4(p+ 8)2+ (A +2r)2

can be integrated without difficulty. Upon substituting (37) and (38)

into (26), the radiation force becomes

x_ _h(A+ 2r)a?ve + fi(a + o)V
4(p+ 8)2 + (A + 2r)?2
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This approach is an improvement on the steady-state approximation be-
cause the constraint kv<<(A+2T')/2 is much weaker than kv<<A when I'>>A.

As an illustration of the broad-spectrum theory, we shall app]y
Egqs. (39) and (40) to the motion of an atom in the standing wave
E(x,t) = 2Eocos(kx)cos{wt+¢(t)} . It is, by now, well known that the
time-averaged radiation force acting on a uniformly moving atom (x=vt)
in a weak (Qo = uEo/h <<A) coherent (¢(t) = 0) standing wave is the sum
of the radiation forces associated with each of the two running wave com-

ponents (Eocos{kx—wt} and Eocos{kx+wt}), as if those components acted

independent1y38,

A a3hk A afhk
4(A-kv)? + A? 4(A + kv)? + A?

T
i

___16A 2fhk®v A (an)
[a(a-kv)? + AZ][4(A + kv)? + A2]

This force is a positive quantity times vA, and hence, if the standing
wave is tuned below resonance (A<0), the force opposes the velocity and
the atomic motion is damped. It was first suggested by Hansch and

Schaw]odzi and later by Ashkin]9

and others, that such a force might be
used to cool an atomic vapor to a very low temperature (T~1K or less)
in a short period of time (At~]0-5s). Here we shall show that in a
broad-spectrum standing wave a different result is obtained, and, in
particular, that the radiation must be tuned above resonance (4>0)

to obtain cooling.

For the fluctuating standing wave E(x,t) = 2 Eocos(kx)cosjwt+¢(t)} ,
Q(x) = 2Rgcos(kx), 6(x) = 0, and Eq. (40) becomes
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F = . 480f hkiw sin2kx

(42)
4A% + (A+27)2
With x = vt, the time-averaged radiation force is
F = - a0} hk CW(t) sin 2kvt > /(8% + T?) , (43)

where we have taken the broad-spectrum limit T>>A., Equation (39)

becomes
w=- (A+ 20 cos’kvt)w - A, (44)

where a = 4(A+2T)Q3 /[4a%(A+2T7) 2]~ 2re} /(A%T2), and the solution is

t
W(t) = -A [ exp { - (A+a) (t-t)

{os]

-(a/2kv)(sin2kvt-sin2kvt0) dtO
= -A J exp{f(A+a)s-(u/kv)sinkvs cos[kv(2t-s)]} ds.
0 (45)
. . .. 46
With the help of the identity
e %0 = 1 (2)+ 2] ()" 1 (z)cos(no) , (46)

n=1
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where In(z) is the modified Bessel function of order n, the solution (45)

may be written as a Fourier series,

) (ancos 2nkvt + bnsin2nkvt) s (47)

w(t) = a/2 +
0 n=1
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where

Q
|

= 2(-)™ fw o~ (Ata)s

0

In(usinkvs/kv) cosnkvs ds ,  (48)
b, = 2(-)™a [oe‘(A+“)s I (asinkvs/kv) sin nkvs ds . (49)

On multiplying (47) by sin2kvt and averaging over time, only the term
with coefficient b] gives a nonvanishing contribution. Equation (43)

becomes

F=-(172)a23 Bkb]/(Az +r?) , (50)
and from (49)

by = 2A Ij e'(A+°‘)S I](asinkvs/kv) sinkvs ds . (51)

Since I](z) is an odd strictly increasing function of z, it is easy to
see that, for s>0, I](asinkvs/kv)sinkvs (and hence b]) has the same sign
as v. It follows that F amplifies the atomic velocity when the radiation
is tuned below resonance (A<0), and damps the velocity when the radi-
ation is tuned above resonance (A>0). This is the opposite of the
prediction based on a weak coherent standing wave.

A conservative estimate of the sténgth of the damping force is
obtained by replacing I](asinkvs/kv) in Eq. (51) by the first term in
its power series expansion, namely (1/2)osinkvs/kv. Higher order terms
increase the magnitude of the force but do not alter the sign. The

result is
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B ARk 202y (52)
2r[A+a][a(kv)? + (A+a)?]

In the dissipative case (A>0), F(v) is maximum at kv = :15521 , is minimum
at kv = A%E , and between these limits is approximately linear in v,

F = -Mhk2a?v/ [ 2T(A+a)®]. The solution of the equation of motion

Mv = F(v) is then v(t) = v(O)exp{—t/Tv}, where T = 2MF(A+a)3/AAhk2a2

is the velocity relaxation time. To get an order of magnitude estimate

of T,, we take A = 1085'] gs'] 23

55.

,» &=T =Qo =10 , M =4x10"“"g, » = 0.5um, and
obtain T, = 5x10°
Although the damping force considered here is of comparable magnitude
to that considered by Hansch and Schawlow, it must be emphasized that
the former will probably be more difficult to detect experimentally
because the broad-spectrum radiation required must be the result of
phase and not amplitude fluctuations.
Perhaps the most important conclusion to be drawn from this work,
a conclusion that follows by inspection of Eqs. (25), is that fluctuations

have a substantial effect on the radiation force only when the spectral

width T approaches or exceeds the spontaneous rate A.



Chapter 7

QUANTUM-MECHANICAL FLUCTUATIONS OF THE RESONANCE-RADIATION FORCE
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Quantum-Mechanical Fluctuations
of the Resonance-Radiation Force

R. J. Cook

University of California
Lawrence Livermore Laboratory
P.0. Box 5508
Livermore, California 94550

Abstract

The influence of quantum-mechanical fluctuations of radiation
pressure on atomic motion in resonant radiation is investigated
theoretically. It is shown that fluctuations of the radiation force
result from interaction of the fluctuating atomic dipole moment with the
applied field (induced fluctuations) as well as from random recoils that
accompany spontaneous emission (spontaneous fluctuations). Atomic motion
under the influence of the fluctuating radiation force is described by a
Fokker-Planck equation, and this equation is applied to problems of atomic
trapping and cooling. It is shown that cooling of an atomic vapor by a
standing wave tuned below resonance, known to occur in a weak field, is
inhibited by fluctuations in a strong field, and that fluctuations can

prevent stable trapping of atoms by the dipole radiation force.
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The importance of quantum-mechanical fluctuations of the radiation
force in determining the motion of an atom in an electromagnetic wave was
first emphasized by Einstein in 1917?7 In this early work, Einstein
showed that fluctuations due to both spontaneous and induced
absorption/emission processes were necessary to account for the
Maxwellian distribution of atomic velocity in thermal equilibrium. In
recent years, a number of authors have proposed methods for
trapping[7’]9def1ecting?’28 and coo]inéa’]g’zo atoms by use of the
resonant light forces in tunable laser radiation. Although the
fluctuations due to random recoils accompanying spontaneous emission
(spontaneous fluctuations) have often been considered in these proposals,
the fluctuations associated with induced absorption-emission processes
(induced fluctuations) have usually been ignored.

The purpose of this letter is to point out that induced fluctuations
can strongly influence atomic motion in resonant radiation and, in
particular, that induced fluctuations place a lower bound on the
temperature achievable by radiation cooling and lead to finite, often
short, confinement times for atoms in radiation traps.

In strong coherent radiation, induced atomic processes are correctly
described by interaction with a classical field. The Heisenberg
equations for one-dimensional motion of an atom of mass M in a

classically-prescribed linearly-polarized electromagnetic wave f(x,t),:

€E(x,t), in the dipole approximation, are

p-o B 1]
i

a=l
~
=

v

———
—
~—
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P = naE(R,t)/ox (2)

where 11 is the component of the electric dipole moment operator in
direction €. If the atomic wave packet is small compared to the distance
over which 3E(x,t)/3x changes by a significant amount, the operator & in
(2) may be replaced by its expectation value R = <§>, since any matrix’
element involving BE(ﬁ,t)/Bx is only negligibly affected by this
replacement when the wave packet is small.

We consider the motion of a two-level atom with internal states |1>
and |2> of energy E1 and E2 respectively in a monochromatic field
E(x,t) = E(x) cos {8(x) + wt} with arbitrary amplitude E(x) and phase
8(x). In terms of atomic operators S = |1><2| and §+'=|2><1|, the dipole
operator takes the form { = u(§ + §+), where u = <1|i|2> is the
transition dipole moment, taken here to be real. In the Heisenberg
picture, operators §, 5t are rapidly varying functions of time. It is
more convenient to work with slowly varying operators ¢ and 5" defined
by relations S=5 exp {-i[6 + wt]} and st =5t exp {i[e + wt]}
respectively. Upon substituting the above expressions for E(x,t) and n
into (2), and discarding inessential terms that oscillate at twice the
optical frequency (rotating wave approximation), the equation for atomic

momentum becomes

2 h [39 - 30
P = ?’[§§'°1 + Qs;‘U;] R (3)
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A N A+ A L] A A+ » ] »
where 8, = 6 + 8, 6, = i(6 - 6§ ), and @ = uE/h is the on-resonance Rabi

flopping frequency of the two-level atom.
It is well known that the expectation values of operators 8], 82, and
83 = 6% - 667, namely u = <8]>, V = <G,> and W = <G5>, are the

components of the Bloch vector; and if the atom experiences relaxation

due to spontaneous emission, these components satisfy the optical Bloch

equations]2
. . 1
u=(a+0) - E—Au R
Vet utaw- gAY, (4)
Ww=-q-Aw+1) ,

where A = w - W is the detuning frequency (wo = (E2 - El)/ﬁ), and
A is the Einstein spontaneous emission coefficient. The expectation

value of (3) is the mean radiation force acting on the atom

_h {8 98 5
F = 2'[%§-U +Q X V:] . (5)

Equations (4) and (5) were recently derived using a slightly
different approach?8 and were applied to a number of problems of
current interest.
Equation (3) indicates that the force F = fil(32/3x)ay + 2(38/3x)5,1/2
should be regarded as an operator. Using the fact that operators 3] and

A

o, satisfy the anticommutation relations 35 8j +6.6, =2

j % Gij’ it is

readily shown that the mean square force has the form
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2 2 2
~2
<F%> = f‘T [<%%) + ol (g—g) J (6)

which is independent of the state of the atom. Comparing (6) with (5),

and noting that u and v are constrained only by the relation u2 + v2 <1,

it is easy to see that the rms fluctuation of the radiation force,

(<E2>-F2)]/2, can exceed the mean force F. This is a clear indication
that quantum fluctuations of the radiation force will have a significant

influence on atomic motion.

The motion of an atom under the influence of a fluctuating force is
described by the Fokker-Planck equation. If in time At the force gives
rise to a mean increment of momentum <AP> and a mean square fluctuation

of momentum about the mean increment <[AP - <AP>]2>, if the limits

Lim <AP> E

At -0 At ? (7)

2
Lim  <[AP - <AP>]"> _
At > 0 At 2D (8)

exist, and if all other moments per unit time, e.g. <[Ax - <Ax>][AP -

<AP>]>/At, vanish in this 1imit, the Fokker-Planck equation takes the
48

2
of Paf )
SV - _ 29V _ 9% I FF | + ~ Df . (9)
ot M ax 3P|: :l BP{ :[

where f(x,P) is the distribution function in phase space.

form
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The Timit (7) 1is clearly the mean radiation force of Eq. (5). To
calculate D we proceed as follows. With E defined as the right-hand side
of (3), the increment of momentum is Aﬁ = fg: E(s)ds, the mean
increment is < aP> ='ﬁs F(s)ds, and

0o

<[AP - <AP>]2> = f f.t dS [<F(S )F(52)>
0 0

- F(s7)F(sp)] . (10)

The correlation time of fluctuations of the force E is essentially the
correlation time of fluctuations of the dipole moment R, which is known
to be on the order of the natural lifetime T, = 1/A. We consider the
case in which the amplitude @ and phase 6 of the applied field (at the
moving atom) are nearly constant over a natural lifetime. In this case,
the field-dependent factors in the force (3) can be taken outside of the
integrals in (10), and for At = t - to somewhat larger than a

correlation time, Eq. (10) yields

<[aP - <AP>] >
2D ® it

% [ % ds [<F(0)F(s)> - F(0)F(s)]

+93936J-

= [V1(s) + Uy(s)] dS} ’ (11)
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where
Uy (t) = <oq(0)oq(t)> - u(o)u(t) ,
Vi(t) = <y(0)ay(t)> - u(o)v(t) ,
Up(t) = <a,(0)ay(t)> - v(o)u(t) ,
Vo(t) - <5,(0)5,(t)> - v(o)v(t) , (12)

we have set tO = 0 for simplicity, and the subscript on DI indicates
that this is the contribution from induced fluctuations.

The theory of dipole correlation functions, such as (12), is by now
fairly standard, having been developed in connection with the problem of

50,51

resonance fluorescence by Mollow*d and others. According to

this theory, if we introduce two additional correlation functions

w](t) = <8](o)83(t)> - u(o)w(t) ,

wz(t) <&2(o)83(t)> - v(o)w(t) , (13)

then each of the sets of correlation functions Ui’ vi, ”1 (i =1,2)

satisfy homogeneous Bloch equations

= : 1
() = - - _ l
Vi (a + e)ui toal, - 5 AV,
wi = -Qv.i - Aw- . (]4)

1
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The remainder of the calculation is given in outline. First, it is clear
from (11) that only the real parts of Ui’ Vi’ wi are significant.

The real parts are even functions of t, so the integrals in (11) are
replaced by twice the integrals from 0 to = Next, integrating Egs. (14)
from 0 to », we obtain an algebraic set of equations for f: Ui ds,

j: Vi ds, and j: wi ds involving initial conditions Ui(O),

Vi(O), and wi(O). The initial conditions are obtained from (1%) and

(13) by using 81 aj = §,. + 1eijk 8k and the steady-state solution of the

LN

Bloch equations (4). Finally, the algebraic equations for f: Ui ds

etc. are solved, and the results are used in (11) to obtain

' 2
D, Jﬁ%(i‘l) [A([a02 + AZT7 - 8a2e%)

7 )\ ax
+ 2A’]nz(3A4 + GAZQZ + 494)

20 96 27002 2
- Qﬁ”ﬁ []GAeQ (2A + Q )]

2 i
2/36 2 2 2 2
+Q (§;> [2a A(12Ae - A+ 22

e ad s 121 el + A2 4 2T 15)

where Ay =2 + 9 is an effective detuning. In a weak field (2 -~ 0),

(15) becomes

#2A [[2a\ , 2/20Y
0, = 7 2l T )1
L 2(as + A% \ox ax (16)
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and in a strong field (9 » «)

o - 1222\ , A2 (22 |
I~ 2A1\%x 2 \ox » (17)

where the second term in (17) is usually negligible when 3g/sx # O.
The term containing D in the Fokker-Planck equation represents
diffusion of momentum. In addition to the coefficient of induced
diffusion DI, there is a well-known contribution DS to the total
diffusion coefficient D = DI + DS’ resulting from random recoils
associated with spontaneous emission. If the atoms dipole moment is
transverse to the x-direction, it is readily shown that the coefficient
of spontaneous diffusion is Dg = lSA(ﬁwo/c)zP2= ]]—0 A(ﬁwo/c)z(w +1) =
Alhu,2)?/5c2[402 + A% + 2071, where P, = % (w+ 1) is the probability
that the upper atomic level is occupied, and we have taken the
steady-state value of W to obtain the final form. 1In a strong field D

S
saturates to the value DS = %%-Atﬁwo/c)z.

We now consider a few simple examples to illustrate the above
theory. In a strong resonant traveling wave E(x,t) = E cos {kx - mot},
the saturated radiation forcg8 is F = %Aﬁk (k = wo/c), the coefficient
of induced diffusion, Eq. (17), is Dy = %-A(ﬁk)z, the spontaneous
coefficient is Dg = %%-A(ﬁk)z, and the total momentum diffusion coefficient
D=7 A(ﬁk)2/20 is 3.5 times that which might have been expected on the

basis of spontaneous recoils alone.
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In a strong standing wave E(x,t) = Z  cos kx cos wt
(@ = 290 cos kx, @, = pEO/ﬁ, 6 = 0), the dipole force acting on a
sTowly moving atome is F = - finea2/ox/[482 + A2 + 2027, the
induced diffusion coefficient, Eq. (17), is Dy = -H7(sn/ax)%/A
" Qg(ﬁk)z/A, and DS is negligible compared to D;. On resonance
(o = 0) the dipole force vanishes and atomic motion is dominated by
induced momentum diffusion. In a standing wave, induced diffusion
results from a splitting of the atomic trajectory after each spontaneous
transition to the ground state, and is closely related to the optical
Stern-Gerlach effect?q’52
The cooling or heating of an atomic vapor by resonant radiation is
calculated as follows. Generally the radiation force consists of a part
F= - aV(x)/3x derivable from a potential and a part F-~ not derivable
from a potential. Multiplying the Fokker-Planck equation, (9), by
P2/2M + V(x), integrating over phase space, and performing some

integrations by parts (assuming f = 0 at |x| = = and |P| = =), we obtain

the relation
E=ml[/[D+ PF-~IfdxdP (18)

for the rate of change of the mean translational energy

E=[f [PZ/M + V1fdxdp of the atom. For example, in a weak (2 << A)
standing wave, tuned below resonance by the amount A = - %-A, the total
diffusion coefficient is D % 7n§€ﬁk)2/1OA, the radiation damping

. . e 2 2
force§8 for small atomic velocity, is F*7 = -(Zﬂdﬁkz/A v, and (18)
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states that the energy E dissipates until D + PF*~ = 0 or
T w2 % 768/40. For A = 10%7"

T x 10-%. However, as the intensity increases, D increases

s ' this corresponds to a temperature

without bound, because of induced diffusion, while the strength of the
dissipative force F*~ is certainly bounded by %—Aﬁk. Therefore induced
fluctuations inhibit cooling in a strong standing wave.

Finally, consider radiation trapping of atoms by the dipole force in a
strong field (o >> A) of amplitude Q(x) = 2, exp {-xz/wo} » €.g. transverse
trapping in a Gaussian Taser beam. The potential energy of the dipole
force,38 V= %—ﬁALn(l + QZ/ZAZ), assumes its minimum value
Vmin
on the atom, (18) states that E = D/M, and (17) yields the estimate

D = D + D % 115 ‘ﬁzng/Awi + ]—]O—A(ﬁk)z for the average D in the

= -0.28 ﬁQO for A = -0.35 25° Since no dissipative force acts

well. A trapped atom gains energy from fluctuations and escapes from the

well in a time of order At = 'Vmin/é = 2.8‘hQOM/[Aﬁ2k2 + ﬁzﬂg/Awg]-
For a sodium atom in a Gaussian beam of radius W, = 10 um and power 50 mW,
2 3/2 transition, the confinement time is

2
tuned to the 3 51/2 + 3P

At R ]0'45. This 1s about two orders of magnitude less than the value
obtained if only spontaneous fluctuations are considered.

The above examples indicate that quantum-mechanical fluctuations of
thé resonance-radiation force will be an important consideration in the

design of experiments to trap or cool atoms and molecules.
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Chapter 8
OVERVIEW OF EXPERIMENTS ON ATOMIC MOTION IN RESONANT RADIATION
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Deflection of an atomic beam by momentum transfer from resonant
traveling radiation was first observed by R. Frish1 in 1933. Because
of the low spectral purity of radiation sources available at the time,
the deflections achieved in this experiment were very small, and of
1ittle practical interest. An improved experiment to measure the
deflection of an atomic beam by the spontaneous radiation force, but
still using classical sources of radiation (discharge lamps), was made by
J. L. Picque and J. L. ViaHe2 in 1972. In this experiment atomic
beams of sodium and cesium were deflected by transverse illumination, and
the beam profile, with and without illumination, was measured with a
hot-wire probe. Beam deflection and beam spreading were found to be in
reasonable agreement with theory. The magnitude of deflections
(o ~ 10'5 rad) was again quite small.

With the invention of the Laser in the early 1960's and, in
particular, with the development of high power tunable lasers in the
early 1970's the experimental situation changed dramatically. Numerous
proposals were made involving applications of the radiation force to
problems of isotope separation, atomic trapping and cooling, neutral-atom
acceleration, and atomic-beam-deflection spectroscopy; and several
experiments were carried out using laser radiation. Some of these
experiments will now be listed.

3 demonstrated deflection of a

R. Schieder, H. Walther, and L. Woste
sodium atomic beam by the radiation pressure of a tunable cw dye laser,
the observed deflections being about 60 times larger than those achieved

in the experiments of Frish and of Picque and Vialle. J. E. Bjorkholm,
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53 showed that the resonance-radiation

A. Ashkin, and D. B. Pearson
force of light propagating axially down a tube filled with sodium vapor
causes a macroscopic pressure increase along the length of the tube.
Specifically, they achieved a pressure difference of 50% in a tube of

20 cm length and they suggested that an isotopically selective
application of this effect might be used for isotope enrichment. In 1973
P. Jacquint, S. Liberman, J. L. Picque, and J. Pinard54 demonstrated

that spectroscopy can be carried out by observing beam deflection as the
frequency of the deflecting radiation is varied. The beam is deflected
only when the tunable radiation comes into resonance with an atomic
transition. The method is capable of high resolution as demonstrated by
the well resolved hyperfine structure of sodium in this experiment. In
1974 isotope separation by selective deflection of one isotopic component
of an atomic beam was first achieved at Lawrence Livermore Laboratory by

!0 for

A. F. Bernhardt, D. E. Duerre, J. R. Simpson, and L. L. Woo
jsotopes of barium using a tunable dye laser.

A1l of the above experiments involve applications of the spontaneous
radiation force. The first observation of the dipole radiation force was
made in a recent experiment at Bell Labs by J. E. Bjorkholm,

R. R. Freeman, A. Ashkin, and D. B. Pearson37. In this experiment
focusing and defocusing of a sodium atomic beam by the transverse dipole
force in a copropagating Gaussian laser beam was observed when the laser
radiation was tuned, respectively, below and above the Bohr transition
frequency of the atoms. The strength and qualitative behavior of the

dipole force were found to be in satisfactory agreement with a theory of
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the dipole force equivalent to that developed in Chapter 5. This
experiment represents an important step toward the development of
radiation traps for atoms and molecules.

A first attempt to measure the induced-rate momentum transfer in a
strong resonant standing wave was made very recently in the experiment of

E. Arimondo, H. Lew, and Takeshi Oka55

at the Herzberg Institute of
Astrophysics. A cw laser beam was reflected back on itself by a mirror
to form a standing wave, a well colimated atomic beam of sodium was
propagated across the standing wave, and the atomic-beam profile was
measured on the downstream side of the interaction region using a
hot-wire detector. By blocking the mirror the standing wave was replaced
by a running wave, and in this way a comparison of beam deflection and
spreading in standing and running waves of comparable intensity was made
without altering the alignment of the atomic beam and detector. At the
maximum laser power level used in this experiment (100 mW) the induced
fate Q was calculated to be about 40 times the spontaneous rate A, and
therefore it was expected that deflection processes due to momentum transfer
at these two different rates would be clearly distinguishable. With the
mirror blocked only a rather small deflection was measured, while with
the mirror unblocked, to form a standing wave, much larger deflections
were obtained. This appears to be a clear indication that momentum
transfer at the induced rate was observed in this experiment. However,
quantitative agreement between theory and experiment has not yet been
achieved. The beam spreading measured in the experiment is smaller by a

factor of at least four than the theoretical predictions of Chapters 2
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and 4, and the discrepancy may, in fact, be much larger due to uncertain-
ties, in the experimental conditions. Several factors have been
identified that might explain the discrepancy. First off, the
theoretical treatments of atomic motion in a resonant standing wave
presented in Chapters 2 and 4 neglect spontaneous emission, while the
interaction time in the experiment was definately longer than the natural
lifetime of the sodium D2 transition. This, however, cannot completely
resolve the discrepancy because, according to theory, the beam spreading
that should have occured in a single natural lifetime, during which the
theory is expected to be valid, is already several times that observed in
the experiment. The most probable explanation of the discrepancy is that
the alignment of the atomic and optical beams was not sufficiently
precise to observe the full deflection predicted by theory. According to
Chapter 4, a standing wave can deflect an atom from an initial direction
(6 = 0) that is parallel to the planes of maximum and minimum intensity
of the standing wave to a final direction that makes an angle emax =
Z(MMQ)%/PZ with respect to these planes. If the atom enters the

standing wave at an angle greater than B max little deflection is
expected. In the experiment the angle emax is approximately 0.6

degrees, and hence the directions of propagation of the atomic and
optical beams should have been orthogonal to one another to an accuracy
better than 0.6° in order to observe the beam spreading predicted by
theory. In a private communication Dr. Oka states that no attempt was
made to make the atomic and laser beams accurately perpendicular and the

o]
misalignment could have been more than 1.5 . In view of this uncertainty
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of alignment, results of the present experiment must be regarded as
inconclusive. Dr. Oka states that he will try to repeat the experiment,

with improved alignment, as soon as possible.
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Chapter 9
CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK
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The work reported here began with an attempt to understand the
mechanics of atomic motion in a resonant standing 1ight wave as a
possible method of laser isotope separation. However, it soon became
evident that existing theories of atomic motion in resonant radiation
were not sufficiently well developed to answer a number of questions raised
by this problem. The emphasis of the research therefore naturally
switched from the problem of isotope separation by photodeflection to the
development of more basic aspects of the theory of atomic motion in
electromagnetic radiation. The author believes that the contributions to
this theory contained in Chapters 3 through 7 now provide a fairly
complete and quantitatively correct description of the influence of an
electromagnetic wave on the translational motion of an atom, and that
answers to a wide class of problems involving the resonance-radiation
force can now be obtained by straight forward application of the results
of these chapters. In particular, it is now possible to answer, by
computer calculations, many of the questions encountered in connection
with the problem of isotope separation by photodeflection in a resonant
standing wave. This work is presently being pursued by the author in
collaboration with Dr. A. Bernhardt and Dr. B. Shore at the Lawrence
Livermore Laboratory.

It might be possible to develop a more general theory of atomic
motion in electromagnetic radiation than that considered here, based
on the reduced density matrix for the internal and translational
motions of an atom interacting with the quantized electromagnetic field.
Such a theory would address, in addition to problems of atomic motion

in coherent applied fields, problems of nonequilibrium quantum statistical
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mechanics such as (1) atomic motion in partially coherent light and (2)
relaxation of the atomic velocity distribution to the Maxwell distribution

due to interaction with black body radiation. This is a problém for the

future.
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Figure 3. Focussing of atomic trajectories associated with wave function U_.
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Figure 4. Defocussing of atomic trajectories associated with wave function U,.
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Figure 5. Atomic flux J_ versus { in the focal plane s = 1.

21



J, , arbitrary units

- Figure 6. Atomic flux J_ versus  in the focal plane s = 1.
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Figure 7. Total atomic flux J=J_+J_ versus §
in the focal plane s = 1.
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Figure 8. Splitting of an atomic beam by the amplitude gradient
of the resonant field.
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